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Preface

This book is intended as both an introductory text and a reference book to those
interested in studying several complex variables in the context of partial differen-
tial equations. The prerequisite is familiarity with real analysis and one complex
variable. Some knowledge in distribution theory and elliptic partial differential
equations will also be helpful.

The Cauchy-Riemann operator is of fundamental importance in complex anal-
ysis. When restricted to the boundary, it naturally induces the tangential Cauchy-
Riemann operator in several complex variables. In the last few decades, tremendous
progress has been made in the study of these two operators which has greatly influ-
enced the development of partial differential equations as well as several complex
variables. The purpose of this book is to provide an updated account of recent
developments for these equations and related operators.

The main feature of each of these operators is that it is no longer elliptic, either
as a boundary value problem or as an operator by itself. We first use L? theory to
study the Cauchy-Riemann equations and the d-Neumann problem with a priori
estimates and harmonic analysis. Pseudodifferential operators are used only when
we study the tangential Cauchy-Riemann complex and its Laplacian. The integral
kernel method is also employed to obtain explicit formulas for solutions with es-
timates in Holder and LP spaces. These techniques are applied to obtain Hodge
type decomposition theorems for the Cauchy-Riemann complex and for the tangen-
tial Cauchy-Riemann complex. Another topic extensively treated in this book is
the realization of almost complex manifolds and the embeddability of abstract CR
structures, both locally and globally.

In the first three chapters, we introduce some background material in complex
analysis. This includes the Cauchy integral formula in one variable with its appli-
cations, domains of holomorphy and pseudoconvexity in several variables.

Chapters 4-6 are devoted to the solvability and regularity of the Cauchy-Riemann
equation using Hilbert space techniques. In Chapter 4 we derive L? existence the-
orems for 0 on pseudoconvex domains using estimates which involve densities de-
pending on a parameter. The existence of the 3-Neumann operator is also obtained.
On strongly pseudoconvex domains, subelliptic 1/2-estimates are deduced for the
O0-Neumann operator and the boundary regularity in Sobolev spaces is studied in
Chapter 5. In Chapter 6, the vector field technique is introduced to study the global
regularity of the 0-Neumann problem on weakly pseudoconvex domains. Boundary
regularity of the Bergman projection and biholomorphic mappings are also investi-
gated.

The second half of the book is intended as a self-contained introduction to
the tangential Cauchy-Riemann equation. In Chapter 7, the tangential Cauchy-
Riemann complex is defined on a C' R manifold. The nonsolvable Lewy operator is
then shown to arise from the tangential Cauchy-Riemann operator associated with
a strongly pseudoconvex domain. In Chapters 8 and 9, we give a detailed account of
the L? theory of 0. In Chapter 8, using pseudodifferential operators, we establish

xi
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the subelliptic estimate for [J, which is essential to the existence and regularity
theorems for d, on compact strongly pseudoconvex C'R manifolds. Hypoellipticity
of sum of squares of vector fields of finite type is also proved. Chapter 9 is devoted
to L? existence theorems and the closed-range property for 9, on the boundary of
a smooth bounded pseudoconvex domain in C™.

In Chapters 10 and 11, integral representations of solutions are the main theme.
This includes the construction of an explicit fundamental solution for O, on the
Heisenberg group, and necessary and sufficient conditions for the local solvability of
Lewy operator. Integral kernels for 0 and 0, are derived with estimates on convex
domains and their boundaries. We also derive a homotopy formula for 9 over an
open subset on a strongly pseudoconvex hypersurface with LP estimates and interior
regularity. In Chapter 12, embeddability of abstract C'R structures is addressed.
This includes both local and global embeddability results and counterexamples for
strongly pseudoconvex C'R structures.

Many topics are omitted in order to keep the book a reasonable length. In
particular, finite type condition and compactness for the d-Neumann problem, an-
alytic hypoellipticity for subelliptic operators, function theory on Stein manifolds
or nonsmooth domains, the asymptotic expansion of the Bergman kernel, and the
complex Monge-Ampeére equation are not dealt with here. Pseudodifferential opera-
tors and integral kernel methods are only used in the simplest setting. Fortunately,
many excellent textbooks and references are available on these topics. The books
The Neumann Problem for the Cauchy-Riemann Complexr by G. B. Folland and
J. J. Kohn and An Introduction to Complex Analysis in Several Variables by L.
Hormander have been inspirations to both authors. Several excellent textbooks are
also available on integral kernel methods. Numerous references are given in the
notes after each chapter. These are by no means complete, in light of the recent
activity, but are intended to direct interested readers.

It gives us great pleasure to thank our thesis advisor, Professor Joseph J. Kohn,
for introducing us to this beautiful subject. His influence is evident throughout
the book. We are indebted to David Barrett, Harold P. Boas, Dan Coman, Dar-
iush Ehsani, Phillip Harrington, Alex Himonas, Michael Range, Nancy Stanton,
Sophia Vassiliadou and Deyun Wu, who have read part of the manuscript and
provided many valuable suggestions. Annette Pilkington has given us editorial as-
sistance. Professor Shing-Tung Yau kindly invited us to publish this book at the
AMS-International Press. We would like to thank them all.

We would also like to thank our home institutes for their support. Financial
assistance from the National Science Foundation of the United States, the National
Science Council of the Republic of China in Taiwan, and the University of Notre
Dame are gratefully acknowledged. Finally, we would like to express our deepest
appreciation for our spouses, Jen-Fen Y. Chen and Hsueh-Chia Chang, over the
past few years. Without their patience and understanding, the book would not
have been finished.

So-Chin Chen Mei-Chi Shaw
Hsinchu, Taiwan Notre Dame, Indiana

August 2000
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APPENDIX

A. Sobolev Spaces

We include a short summary of the basic properties of the Sobolev spaces for the
convenience of the reader. Our goal is to give precise definitions and statements of
all theorems or lemmas about the Sobolev spaces which have been used in this book.
Since most of the results are well-known and due to the vast amount of literature
on this subject, we will provide very few proofs.

Let f € L'(RY), the Fourier transform f of f is defined by

(11) fe) = [ et da,
]RN
where z-§ = 37 2;€;. The estimate
I f lloe SIS Nl

is clear from the definition. We now list some basic properties of the Fourier trans-
form whose proofs are left to the reader or can be found in any standard text. For
instance, see Stein-Weiss [StWe 1].

Theorem A.1 (Riemann-Lebesgue). Suppose that f € L'(RYN), then f(¢) €
Cy, where Cy denotes the space of continuous functions on RN that vanish at infin-

ity.
Theorem A.2 (Fourier Inversion). Suppose that f € L'(RYN) and that f(£) €
LY(RN). Then

[ . -

f@) =@ | T dE, ae.

RN
In other words, f(x) can be redefined on a Lebesgue measure zero set so that f(x) €
Co.
Theorem A.3 (Uniqueness). If f € L'(RY) and f(f) =0 for all £ € RV, then
f(z) =0 almost everywhere.

Denote by S the Schwartz space of rapidly decreasing smooth functions on R¥,

i.e., S consists of all smooth functions f on R with

sup |z’ D f ()] < oo,
RN

for all multiindices a, 3, where a = (aq,---,ay), 2% = 7" - 23" and D* =
Dgy---DgN, each o; is a nonnegative integer. Obviously, any smooth function

with compact support belongs to S and we have the following formulas:
(D7) (&) = ()" f ().
D> f(&) = ((—iz)=£)(©).

337
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Theorem A.4. The Fourier transform is an isomorphism from S onto itself.

Since L2(RY) ¢ L*(R"), the Fourier transform defined by (1.1) in general cannot
be applied to L? functions directly. Using the following fundamental theorem of the
Fourier transform, one can extend the definition to L? functions easily:

Theorem A.5 (Plancherel’s Theorem). The Fourier transform can be extended
to be an automorphism of L*(RN) with

(1.3) If12= @M fI? forall f € LARY).

FEquation (1.3) is called the Parseval’s identity.

We collect a few results about the Sobolev spaces. For a detailed treatment
of the Sobolev spaces W#(Q2) for any real s, we refer the reader to Chapter 1 in
Lions-Magenes [LiMa 1] for smooth domains or to Grisvard [Gri 1] for nonsmooth
domains.

We first define the Sobolev spaces in RY. Let

p(D)= Y a.D"

laj<m

be a differential operator of order m with constant coefficients. Then, by (1.2), it
is easy to see that for any f € S,

o — R

(1.4) (p(D)£)(€) = p(i&) £(£)-

Here, the polynomial p(i£) is obtained by replacing the operator D in p(D) by €.
For any s € R, we define A°: S — S by

1

(1) Nu(o) = gy [ @401+ ) Bace) e

Set o(A®) = (1 + |¢2)%/2. o(A®) is called the symbol of AS. Define the scalar
product (u,v)s on S x S by

(u,v)s = (A°u, A°v)
and the norm
lulls =+v(uu)s forues.

The Sobolev space H®(RY) is the completion of S under the norm defined above. In
particular, L>(RY) = H°(R"). The Sobolev norms || || +&~) for any u € C§°(RY)
is given by

(1.6 o ey = [ (1 I Tl Pt

Next, we define the Sobolev spaces for domains in RY. Let © cC RY be a domain
with C* boundary, k = 1,2,---. By this we mean that there exists a real-valued
C* function p defined in RY such that Q = {z € R¥|p(z) < 0} and |Vp| # 0 on bQ.
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The implicit function theorem shows that locally, bQ2 can always be expressed as a
graph of a C* function. If the boundary can be expressed locally as the graph of a
Lipschitz function, then it is called a Lipschitz domain or a domain with Lipschitz
boundary.

For any domain 2 in R, let H*(Q)), s > 0, be defined as the space of the
restriction of all functions u € H*(RY) to Q. We define the norm of H*(Q) by

1.7 vy = inf U |lmm -
(L.7) Iullae (e wertten, U sy

Ula=u

When s is a positive integer, there is another way to define the Sobolev spaces
by weak derivatives. For any domain Q C RY, we define W*(2) to be the space of
all the distributions u in L?(Q) such that

D°u e L*(), |al<s,

where « is a multiindex and |a| = oy + - -- + an. We define the norm || |lws ) by

(1.8) Pl = Y Il D |Ifg)< oo
lo|<s

The space C*=(Q) denotes the space of functions which are restrictions of func-
tions in C*®°(RVN) to Q. If Q is a bounded Lipschitz domain, then C*°(Q) is dense in
Ws(Q) in the W*() norm (see Theorem 1.4.2.1 in Grisvard [Gri 1]). Thus W*(Q)
can also be defined as the completion of the functions of C*°(Q) under the norm
(1.8) when Q has Lipschitz boundary.

When Q = RV, we have H*(RY) = W*(R") for any positive integer s. This
follows from Plancherel’s theorem and the inequality

1
o2 el sa+igp ey ler

lof<s la<s

where C > 0.
Obviously for any bounded domain 2, we have H*(Q) C W*(Q) for any Q. If bQ
is Lipschitz, the following theorem shows that the two spaces are equal:

Theorem A.6 (Extension Theorem). Let Q be a bounded open subset of R
with Lipschitz boundary. For any positive integer s, there exists a continuous linear
operator P, from W3(8) into W*(RY) such that

Psu|g =Uu.

The extension operator Ps can be chosen to be independent of s. In particular, we
have

W(Q) = H*(Q).

For a proof of Theorem A.6, see Chapter 6 in Stein [Ste 2| or Grisvard [Gri 1].
Thus when s is a positive integer and 2 is bounded Lipschitz, the Sobolev spaces
will be denoted by W*(£2) with norm || ||q), or simply || ||
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Theorem A.7 (Sobolev Embedding). If Q is a bounded domain in RY with
Lipschitz boundary, then there is an embedding

Wk(Q) — C™(Q)  for any interger m, 0 <m <k — N/2.

Theorem A.8 (Rellich Lemma). Let Q be a bounded domain in RN with Lip-
schitz boundary. If s >t > 0, the inclusion W5 (Q) — W¥(Q) is compact.

Theorem A.9 (Trace Theorem). Let ) be a bounded domain in RV with smooth
boundary. For s > 1/2, the restriction map f — f]bQ for any f € C®(Q) can be
extended as a bounded operator from W*(Q) to W3~1/2(bQ). For any f € W*(Q),
f’bQ € W=Y2(bQ2) and there exists a constant C, independent of f such that

I f =1y S Cs Il f lls) -

We remark that in general, the trace theorem does not hold for s = 1/2. However,
if f € WY2(Q) and f is harmonic or f satisfies some elliptic equations, then the
restriction of f to bQ is in L? (c.f. Lemma 5.2.3).

Let © be a bounded domain in RY. We introduce other Sobolev spaces. Let
W§(£2) be the completion of C§°(£2) under W#(2) norm. When s = 0, since C§°(2)
is dense in L2?(12), it follows that W2(Q) = W%(Q) = L?(Q). If s < 1/2, we also
have C§°(Q) is dense in W*(§2). Thus

WHR) = Wi (@), s <

N =

This implies that the trace theorem does not hold for s < 1/2. When s > 1/2,
W5 () € W*(Q).
We define W2(2) to be the dual of W (§2) when s > 0 and the norm of W~5(Q)
is defined by
(£, 9)l

| | .
il f |’~—s Q) =Sup—F/—————
“ I g Tlsee)

where the supremum is taken over all functions g € C5°(2). We note that the
generalized Schwarz inequality for f € W*(Q), g € W—5(Q),

I(f, 9l <1 f sl g l=so

holds only when s < 1/2 for a bounded domain Q. The proof of these results can
be found in Lions-Magenes [LiMa 1] or Grisvard [Gri 1].

The Sobolev spaces can also be defined for functions or forms on manifolds. Let
M be a compact Riemannian manifold of real dimension N. Choose a finite number
of coordinate neighborhood systems {(U;, ¢;)}7, where

‘pi:Ui_N—’ViCRN

is a homeomorphism from U, onto an open subset V; contained in RY. For each 3,
1 <i <m,let {n;}}_, be an orthonormal basis for CT*(M) on U;, and let {¢;}7,
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be a partition of unity subordinate to {U;};. Thus, locally on each coordinate
chart U;, one may express a smooth r-form ¢ as

! . .
(1.9) $= ¢,
| I|=r

where I = (i1, ,i,) and n} = nfl Ao A nfr. Then, we define the Sobolev s norm
of ¢ € E"(M), for s € R, by

m / .
(1.10) FolZ=> "l (G ow 2.

i=1|I|=r

Denote by W2 (M) the completion of £"(M) under the norm || - ||s. The definition of
W$(M) is highly nonintrinsic. Obviously, it depends on the choice of the coordinate
neighborhood systems, the partition of unity and the local orthonormal basis {17;}
However, it is easily seen that different choices of these candidates will come up
with an equivalent norm. Therefore, W5(M) is a well-defined topological vector
space. If M is a complex manifold of dimension n and €2 is a relatively compact
subset in M, the space W(Sp’q)(Q), 0 < p,g <nand s € R, are defined similarly.
The Sobolev embedding theorem and the Rellich lemma also hold for manifolds.

B. Interpolation Theorems and some Inequalities

There is yet another way to define the Sobolev spaces W*(Q) when s is not an
integer and s > 0. Let k1 and ks be two nonnegative integers and k; > ko. On any
domain © in RV, we have W*1(Q) ¢ W*2(Q). The space W*(Q) for ko < s < k;
can be defined by interpolation theory. We shall describe the procedure in detail
for the interpolation between W1 and L? (i.e., when k; = 1 and ky = 0).

For each v € W!(Q) and u € W1(Q),

N
(u,v)1 = (U,’l}) + Z (Diu7 Div)a
i=1
where D; = 0/0x;. Let D(L) denote the set of all functions u such that the linear

map
v— (u,v)1, v€WHQ)

is continuous in L?(f2). From the Hahn-Banach theorem and the Riesz representa-
tion theorem, there exists Lu € L?(2) such that

(2.1) (u,v); = (Lu,v), ve W (Q).

If u € C°(R), then u € D(L) and Lu = (—A + 1)u. It is easy to see that £ is a
densely defined, unbounded self-adjoint operator and L is strictly positive since

(Lu,u) = [[ullf > [lull®.

Using the spectral theory of positive self-adjoint operators (see e.g. Riesz-Nagy
[RiNa 1]), we can define £% of £ for § € R. Let

A=L2
Then A is self-adjoint and positive in L?(2) with domain W!. From (2.1), we have
(u,v)1 = (Au, Av), for every u, v € WH(Q).



342 Appendix
Definition B.1. Let W(Q) be the interpolation space between the spaces W (Q)
and L%(QY) defined by
Wo(Q) = (WHQ), L2 (Q)]p = Dom(A*™?), 0<6<1,
with norm
lull + | A*=%ul| = the norm of the graph of A*~?,
where Dom(A'~?%) denotes the domain of A1=9.

From the definition, we have the following interpolation inequality:

(2.2) A Ol < [l Auf* =)l
Thus
(2.3) lulle < Cllulli=*|lu]’.

The general case for arbitrary integers k; and k2 can be done similarly. Thus, this

gives another definition for the Sobolev spaces W*(Q2) when s is not an integer. If

b2 is bounded Lipschitz, this space is the same Sobolev space as the one introduced

in Appendix A (see [LiMa 1] for details for the equivalence of these spaces). For a

bounded Lipschitz domain, we can use any of the definitions for W*(2), s > 0.
The following interpolation inequality holds for general Sobolev spaces:

Theorem B.2 (Interpolation Inequality). Let Q be a bounded domain in RN
with Lipschitz boundary. For any e >0, f € W (Q), s1 > s > s3 > 0, we have the
following inequality:

(2.4) IFI2<ell FI2, +Cell I3,

where C, is independent of f.

Theorem B.3 (Interpolation Theorem). Let T be a bounded linear operator
from W#i(Q) into W4 (Q), i =1, 2, and

1 1
81>322—§, t1>t22“57

then T is bounded from [W*1(Q), W52(Q)]y into [W*(Q), W2(Q)]s, 0 <6 < 1.

We warn our reader of the danger of interpolation of spaces if the assumption s; >
—1/2 and ¢; > —1/2 is dropped! (See [LiMa 1].) Next we discuss the interpolation
between LP spaces and some applications.

Definition B.4. Let (X, ) and (Y,v) be two measure spaces and let T' be a linear
operator from a linear subspace of measurable functions on (X, u) into measurable
functions defined on (Y,v). T is called an operator of type (p,q) if there exists a
constant M > 0 such that

(2.5) I Tflle <M fllee
for all f € LP(X).

The least M for which inequality (2.5) holds is called the (p, g)-norm of T. If f
is a measurable function on (X, 1), we define its distribution function Ay : (0,00) —
[0, o] by

Ap(e) = p({z | [f ()] > a}).
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Definition B.5. Let (X, pu) and (Y,v) be two measure spaces and let T be a linear
operator from a linear subspace of measurable functions on (X, u) into measurable
functions defined on (Y,v). T is a linear operator of weak type (p,q), 1 < p < o0
and 1 < g < o0, if there exists a constant k such that

MQS(ELy@vq‘MWWWfGLWX%

where X is the distribution function of T'f.
We have the following interpolation theorems:

Theorem B.6 (Riesz-Thorin). Let (X, u) and (Y, v) be two measure spaces and
Do, P1, Go, q1 be numbers in [1,00|. If T is of type (pi, q;) with (pi,q;)-norm M;,
i=0,1, then T is of type (ps,q:) and

(2.6) I Tf Npoe <My~ "My || f |lzoe,
provided
1 1—-t t 1 11—t t
—=—+— and — = —
Pt Po P qt q0 q1
with 0 <t < 1.

For proof of this fact, see Theorem 1.3 in Chapter 5 in Stein-Weiss [StWe 1].

Theorem B.7 (Marcinkiewicz). Let (X,u) and (Y,v) be two measure spaces
and po, p1, 9o, q1 be numbers such that 1 < p; < q; < oo fori=0,1 and qo # q1.
If T is of weak type (p;,q;), 1 = 0,1, then T is of type (pt, q:) provided

11—t ¢ 11—t ¢

—=—4+— and —
Pt Po P1 qt 90 q1

with 0 <t < 1.
For a proof of this theorem, see Appendix B in Stein [Ste 3].

Theorem B.8 (Hardy’s Inequality). If f € LP(0,00), 1 <p < o0 and

Tf(z) = %/Ozf(t)dt, z>0,

then p
ITfllee < ——=IIfllze-
p—1

Proof. We use a change of variables and Minkowski’s inequality for integrals,

mvwmm=”43uwapgAWﬂmWMt

L P
= [ Uyt = S E e
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Theorem B.9. Let
Tf(z) = /0 K(z,y)f(y)dy, >0,

where K (z,y) is homogeneous of degree —1, that is, K(\z,\y) = A\ K(x,y), for
A>0. If for each 1 < p < o0,

JIKQw vy = 4, < o
then
ITfllr < ApllfllLe,  for every f € LP(0,00).
In particular, the Hilbert integral defined by

Y ()
Tf(x) = ; x+ydy’ x>0,

is a bounded operator of type (p,p) for each 1 < p < 0.

Proof. Since .
T5@) = [ K0 )

using Minkowski’s inequality for integrals, we get

1T < ( [ x| y-l/de) TR

The Hilbert integral is of type (p, p) since, for 1 < p < oo, using contour integration,
we have

/ y_l/p m
dy = — .
1+y sin(m/p)
Theorem B.10. Let (X, pu) and (Y,v) be two measure spaces and let K(x,y) be a
measurable function on X XY such that

/IK(%?J)! du < C, forae. vy,
X

and

/ |K(z,y)| dv < C, fora.e. =z,
Y

where C' > 0 is a constant. Then, for 1 < p < oo, the operator T' defined by

7f(@) = [ K(@.u)fty) dv
Y
is a bounded linear operator from LP(Y,dv) into LP(X,du) with

I Tflleeexy SCNfllzegyy -

For a proof of Theorem B.10, we refer the reader to Theorem 6.18 in Folland [Fol
3].
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Theorem B.11. Let (X, pu) and (Y,v) be two measure spaces and 1 < q < co. Let
K(xz,y) be a measurable function on X XY such that

a
z/{erlK(a:,y)>s}§<g) , forae zeX,
s

and o
p{xEXIK(x,y)>s}§<;) , forae yey,

where C > 0 is a constant. Then the operator T' defined by
7f) = [ Ke)f() dv
Y

is a bounded linear operator from LP(Y') into L™(X) provided

1 1
l<p<r<oo and -+-—-—-=1.
p q T
T is bounded from L'(Y) to L~¢(X) for any ¢ > 0.

The proof of this theorem is based on the Marcinkiewicz Interpolation Theorem
B.7. We refer the reader to Theorem 15.3 in Folland-Stein [FoSt 1] or Theorem 6.35
in Folland [Fol 3].

C. Hardy-Littlewood Lemma and its Variations

We first prove the Hardy-Littlewood lemma for bounded Lipschitz domains.

Theorem C.1 (Hardy-Littlewood Lemma). Let Q2 be a bounded Lipschitz do-
main in RY and let §(x) denote the distance function from x to the boundary of Q.
Ifu is a C! function in Q and there exists an 0 < a < 1 and C > 0 such that

(3.1) | Vu(z) | < C §(z)~ 1 for every x € Q,
then u € C*(Q2), i.e., there exists some constant Cy such that

|u(z) —u(y) | <Crlx—yl|* forz,yec.

Proof. Since u is C"' in the interior of €2, we only need to prove the assertion when
z and y are near the boundary. Using a partition of unity, we can assume that u is
supported in U N, where U is a neighborhood of a boundary point zo € b§2. After
a linear change of coordinates, we may assume zy = 0 and for some ¢ > 0,

UnQ={z=(z2n) | zn > ¢('),| 2" [<e,|zn |<e},

where ¢(0) = 0 and ¢ is some Lipschitz function with Lipschitz constant M. The
distance function §(z) is comparable to zy — ¢(z'), i.e., there exists a constant
C > 0 such that

(3.2) %6(30) <zy—¢(z') <C(x) forz e
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We set &' = 0z’ + (1 — 0)y’ and Ty = Ozy + (1 — O)yn. Let d = |z —y|. If
z=(2',zn), y = (¥, yn) € Q, then the line segment L defined by 0(z’, zy + Md)+
(1-0),yn + Md) = (&', Zny + Md), 0 < 6 <1, lies in Q) since

O(xn + Md) + (1 —0)(yn + Md)
> Md+0¢(z') + (1 - 0)o(y')
> Md+0(s(z') — ¢(&)) + (1 = 0)(e(y) — 8()) + ¢(2)
> ¢(2").

Since u is C! in Q, using the mean value theorem, there exists some (%', Zy +
Md) € L such that

| u(z' oy + Md) —u(y',yn + Md) | < | Vu(Z',Zy + Md) | d.
From (3.1) and (3.2), it follows that

' U(.’L”,Z'N +Md) —u(y/7yN +Md) I < C(S(.’i'/,.iN +Md)_1+a d
< C((M +1)d)" " - d < Cprd®.
Also we have

| u(z) —u(x’,zn + Md) |

/Md ou(z',zn +1t)
0 ot

dt'
Md Md
< C/ é(x/7l'N +t)*1+adt < C/ (xN +i— qs(x/));l.%adt
0 0
Md
=C / t=1redt < C(Md)*.
0

Thus for any z, y € §Q,

[u(z) —u(y) | <[ (u(z) —ulz’,zn + Md) | + | w(y', un + Md) ~ u(y) |
+ | u(@',zn + Md) — u(y',yn + Md) |
< Cpd®.

This proves the theorem.

The following is a variation of the Hardy-Littlewood lemma for Sobolev spaces.

Theorem C.2. Let Q be a bounded Lipschitz domain in RN and let 6(z) be the
distance function from x in Q to the boundary bQ. Ifu € L*(Q)NWL _(Q) and there
exists an 0 < a < 1 such that

(3.3) / 5(z)?72* | Vu |2 dV < oo,
Q
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then u € W*(Q). Furthermore, there exists a constant C, depending only on §Q,

such that
Q Q

Proof. For 0 < a < 1, We(Q) = [W1(Q), L?>(Q)]1—a- The interpolation norm of a
function u in W%(Q) (see Lions-Magenes [LiMa 1]) is comparable to the infimum
over all functions

f :[0,00) — L*(Q) + WHQ) with £(0) =

of the norm Iy where I is defined to be

(3.4 If:(/o 12 £ t-ldt) +(/0 IItl‘af’(t)lli2<Q>t‘ldt)2

From (3.3), we have u € W(Q') for any ' CC Q. Thus we only need to estimate
u in a small neighborhood of the boundary. Using a partition of unity and a change
of coordinates as in Theorem C.1, we can assume U NQ = {zny > ¢(z')}. Let
n € C§°(—¢,¢) such that 0 <n < 1,n =1 when | ¢t |< /2. We define

ft) = u(@’,zn +t)n(t).

Then f(0) = u(x) and f(t) € W(Q) for t > 0. To compute the norm defined by
(3.4), we have

l;* < C (/ / |u(z’,zn +t) |? do t'72dt
o Jonu

+/ / 72 | Vu(a,zn +t) |2 dxdt).
o Jonu

Since 1 — 2a > —1, the first integral on the right-hand side of (3.4) is bounded by
]Iu”%z(m. To estimate the second integral on the right-hand side of (3.5), we first

note that for z € QN U, using (3.2), there exists C; > 0,

(3.5)

' xn +t) > Cr(zny +t — o(z)))
> Cht.

Thus, after changing variables and the order of integration, we have

/ / 120Gy’ oy + t)Pdzdt
0 QNuU
Cé(x)
§/ / 1729\ Vu(x)|?dtdx
QNU JO

<C §(z)? 2% Vu(z)|?dx
QnU
< 00.

This implies that Iy < co and u € W*(2). Theorem C.2 is proved.
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Theorem C.3. Let Q be a bounded domain in RN with C> boundary and let s be
a positive integer. If u € W§(2), then we have

s—stlalpey e L2(Q), for every a with |a| < s,

where § is the distance function to the boundary, « is a multiindex and D® is defined
as in Appendiz A.
Proof. If f € C§°(0,00), using Taylor’s theorem, we have

1
(s—1)!

flz) = /OI fO@) (z - t)*dt.

Applying Hardy’s inequality (Theorem B.8 in the Appendix), we see that

f(z) 1 / s

— S)(t)|dt
oo /o)

ol Ol

S ‘

L2 L2

<

Using localization and a partition of unity, we can assume that v is supported in
a compact set in the upper half space {z = (2/,zy) | zy > 0}. Applying the
argument to the Taylor expansion in the z variable, we have for any u € C§°(2),

671 D[ 120y < Cllullwg (-

The theorem follows by approximating u € W§(Q) by functions in C§°(2).

Theorem C.4. Let Q be a bounded domain in RN with C* boundary. Let s be
any positive number such that s # n —1/2 for anyn € N. If u € L*(Q,loc) and

(3.6) / 828 ul?dV < oo,
Q

where § 1is the distance function to the boundary, then u € W=%(Q).
When s = n — 1/2 for some positive integer n, if we assume in addition that u
1s harmonic, the same statement also holds.

Proof. We first assume that s is a positive integer. For any v € W (1), we have
from Theorem C.3,

|(u, V)| < [[6%ul[|6™ 0]
< Cyllgull[vlw;-
Thus, u € W~3(Q) from definition.
For other s when s # n — 1/2, we use interpolation between W ~°(2). For sy >

s1 >0, 81,89 integers, if (1 — 0)s; + 0s2 # n — 1/2, then

(3.7) [Ws1(Q), W2(Q)]y = W~ (1=0s1=0s2(),
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When (1 —6)s; +6sy =n—1/2, (3.7) no longer holds (see Lions-Magenes [LiMa
1]) and we restrict ourselves to harmonic functions.

We first prove for s = 1/2. Using a partition of unity, we may assume that Q2 is
star-shaped and 0 € €. Define

v(z) = /01 %u(sx)ds.

Then v is harmonic and
N 1 1
ou 0
(z,Vou(z)) = ;:1/0 xi%(sx)ds = /o Eu(sx)ds = u(z) — u(0).

Without loss of generality, we may assume that u(0) = 0. We have expressed u as
a linear combination of the derivatives of some harmonic function v and, from our
assumption,

(3.8) /Q 5(2)|(z, Vo) [2dV = /Q 5(2)uf2dV < oo,

where C' is some positive constant. We claim that

(3.9) Léé@ﬂvm%ﬂ/g(7(éé@ﬂﬁszﬁdv+l46QHMxWﬂV).

To prove (3.9), we apply the Rellich identity to the harmonic function v on the
boundary b(2,, where Q, = {z € Q| d(z) > n} for small n > 0. We have

Ou

(3.10) / (|Vv|2<a:,n> ~2(e vy 2

n

ov
N-20wZ%)ds =
( )van>dS 0,

where n is the outward normal on b§2,, and dS is the surface element on 0€2,,. Identity
(3.10) follows from the equality

N

d 5 v v
Zﬁazi <IVUI xT; — 255(33, Vv) — (N — 2)vaxi>

= —2Av{z,Vv) — (N = 2)vAv =10

=1

and Stokes’ theorem. If 7 is sufficiently small, we have (x,n) > Cy > 0 for some
Co > 0 uniformly on b2, it follows from (3.10) that

Ov Ov
2 < — —_—
Co /m |Vo|2dS < /bQ 2(z, Vo) 5 + (N = 2)vs-|dS
(3.11) ,
ov 9 9
Se/ —| dS+ C. / [v|“dS + |[{(z, Vv)|*dS |,
b2, on b2
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where € > 0. If € is sufficiently small, the first term on the right-hand side of (3.11)
can be absorbed by the left-hand side and we obtain

(3.12) /b )

Multiplying (3.12) by n and integrating over 7, (3.9) is proved. Using (3.8) and
(3.9), we get

Vo2 < C (f |v|?dS + |(z, Vv>|2d3>.
Q0

n

(3.13) /Qé(x)|Vv|2dV < 0/95(x)|u|2dV < o0.

It follows from Theorem C.2 that v € W2 (Q). Since for any first order derivative
D with constant coefficients, we have

(3.14) D:HW3(Q) —» HW™2(Q),

where HW*(Q)) = W5(Q) N {u € C>*(Q) | Au = 0}. This implies that u €
W~1/2(Q). The cases for other integers can be proved similarly and this completes
the proof of Theorem C.4.

We remark that (3.14) does not hold without restricting to the subspace of har-
monic functions (see [LiMa 1]). The technique used in the proof of Theorem C.2
involves real interpolation, while the proof of (3.14) uses complex interpolation. We
refer the reader to Jerison-Kenig [JeKe 1] and Kenig [Ken 3] for more discussion on
these matters.

D. Friedrichs’ Lemma

Let x € C3°(RY) be a function with support in the unit ball such that x > 0
and

(4.1) /de =1.

We define x.(z) = e Vx(z/e) for € > 0. Extending f to be 0 outside D, we define
for e > 0 and z € RV,

fol@) = f o xela) = / F(@)xe(@ — 2)dV (&)
- / f(@ — ex')x(@)dV ().

In the first integral defining f. we can differentiate under the integral sign to show
that f. is C*°(R"). From Young’s inequality for convolution, we have

(4.2) Ifl<Isl.

Since x. is an approximation of the identity, we have f. — f uniformly if f €
CS°(RYN). Since C$°(RY) is a dense subset of L2(RY), this implies that

fe = f in L>(RY) for every f € L*(RY).
A very useful fact concerning approximating solutions of a first order differential

operator by regularization using convolution is given by the following lemma (see
Friedrichs [Fri 1] or Hérmander [Hor 2]):
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Lemma D.1 (Friedrichs’ Lemma). If v € L?*(RY) with compact support and a
is a C function in a neighborhood of the support of v, it follows that

(4.3) aD;(v % x¢) — (aDyw) x xc — 0 in L2 (RY) ase— 0,

where D; = 0/0x; and aD;v is defined in the sense of distribution.

Corollary D.2. Let

N
L=ZaiDi + agp

i=1

be a first order differential operator with variable coefficients where a; € C*(RN)
and ag € C(RN). Ifv e L*(RN) with compact support and Lv = f € L*(RN) where
Lv is defined in the distribution sense, the convolution ve = v x x, is in C3°(RY)
and

(4.4) ve »v, Lve— f in L*(RY) ase— 0.

Proof of Friedrichs’ lemma. First note that if v € C§°(RY), we have from the
discussion above,
D;(v*x.) = (D;v) * xc = D;v, (aD;v)* x. — aD;v,
with uniform convergence. We claim that
(4.5) I aDi(v*xe) = (aDiv) x| < C | v, ve L*RY),

where C is some positive constant independent of ¢ and v. Since C§°(RY) is dense
in L2(R"), (4.3) will be proved if one can prove (4.5). To see this, we approximate
v by a sequence v; € C°(RY) in L2(R") and observe that if (4.5) holds, we have

I aDi(v * xe) = (aDiv) * X ||
SC(lv=w | + | aDs(v; % xe) = (aDyvy) * Xe |[)-

Thus, it remains to prove (4.5). Without loss of generality, we may assume that
a € C}(RY) since v has compact support. We have for v € C§°(RY),

aD;(v * xe) — (aD;v) * Xe
= a@D; [ oo~ vy - [ ale- 95— Wiy

ov

~ [ (@) - otz = ) 5o (@~ ey
_ —/(a(x) —a(z—y) g;

- / (alz) - a(z - v)) v(z - y)aa—yixe(y)dy

B / (gyia(w - y)> v(@ = y)xe(y)dy.

(x = y)xe(y)dy
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Let M be the Lipschitz constant for a such that |a(z) — a(z — y)| < M|y| for all
xz, y. We obtain

aDi(v % x.) — (aDsw) * xe| < M / lo(z — )] (xe(w) + luDixe(w)]) dy.

Using Young’s inequality for convolution, we have
I aDi(v* xe) — (aDiv) * xe || < M || v || /(xe(y) + lyDixe(y)|) dy
=M1 +mq) | vl

where

m; = /lyDixe(y)ldy= /|y(Dix)(y)ldy~

This proves (4.5) when v € C§°(RY). Since C$¢(RY) is dense in L?(R"), we have
proved (4.5) and the lemma.

Proof of the Corollary. Since agv € L*(RY), we have
!%ao(v * Xe) = li_r)%(aov * Xe) = aov  in LQ(RN).
Using Friedrichs’ lemma, we have
Lv.— Lvs xe = Lve — f*xe — 0 in L>(RY) ase— 0.

The corollary follows easily since f * y. — f in L2(RY).
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Table of Notation

The following is a partial list of notation. The section number refers to the section
where the notation is first encountered or defined.

General

cr n-dimensional complex Euclidean space — 1.1

D, domain in C" or a complex manifold (open connected subset)
— 11,51

bD boundary of D — 1.1

A\ B elements in set A but not in set B — 1.2

RP™ real projective space — 1.2

Ccpn complex projective space — 1.2

J complex structure — 1.3

CT,(M) =T,(M) ®r C: complexified tangent space at p on a

complex manifold — 1.3; on a C' R manifold — 7.1
T3O(M), T)' (M) tangent vectors of type (1,0) and (0,1) at p on a complex
manifold — 1.3; on a C' R manifold — 7.1

CTx(C™) dual space of CT,(C") — 1.3

Aé’S(C"), AZ(C™) Space of (1,0)- and (0,1)-forms at p — 1.3

dz;, dz; (1,0)- and (0,1)-form — 1.3

T,(M) tangent space at p — 1.4

T, (M) cotangent space at p — 1.4

A wedge product — 1.4, 1.5

A"(M) vector bundle of degree r on M — 1.4

AP9(M) vector bundle of bidegree (p, ) on a complex manifold —
1.4; on a CR manifold — 7.2

A<B A < CB for some constant C' >0 — 2.1

P(¢;r) a polydisc with center ( = ({1, -, () and multiradii
r=(ry,--,r,)in C* — 2.1

S sum over increasing multiindices — 2.1

Lp(r,-) Levi form of the function r at p — 3.3

T}O(bD), T (bD) tangent vector to bD at p of type (1,0) and (0,1) — 3.3

dp(z) Euclidean distance from z € D to bD — 3.4

dist(z,bD) Euclidean distance from z € C" \ bD to bD — 3.4

DccD D is relatively compact in D', i.e., D C D' — 3.4

dv volume element in C* — 3.4

Kp holomorphically convex hull of K in D — 3.5

dz! =dz;, N Ndz, for T = (iy,---,1p) — 4.2

dz’ =dz;, A~ ANdzj, for J = (j1,- -, jq) — 4.2

\v interior product — 4.2
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f‘f‘
]’l‘vl/
f
O(|A])
supp f

Notation

surface element on the boundary bD — 4.2

sign of permutation — 4.3

=wh A AW for T = (i, +,ip) — 4.3

=W A AW for = (G, e, dg) — 4.3

complex tangential part of f — 4.3

complex normal part of f — 4.3

partial (or tangential) Fourier transform of f — 5.2
terms bounded by C|A| for some constant C' > 0 — 5.2
support of f — 5.2

complex Jacobian of f — 6.3

T<9(M), T*°1 (M) dual bundles of T1O(M) and T*' (M) — 7.2

9;

Siegel upper half space — 7.3

Kronecker delta — 7.3

Heisenberg group of order n — 1 — 7.3, 10.1
Fourier transform of f — 7.4

automorphism group on 2, — 10.1

generalized Heisenberg group — 10.1

=dzy A---ANdzZj Ao NdE, — 111

pairing between vectors A, B in C* — 11.1
pairing between vector A and 1-form d¢ — 11.1

Spaces of Functions (or Forms) and Norms

o(D)
C*(D)

holomorphic functions on D — 1.1

k € Nor k = oo: k times continuously differentiable functions
on D— 1.1

k € Nor k = oo: k times continuously differentiable functions
on D, i.e., restriction of C*(C") to D — 2.1

C* functions with compact suuprot in D — 2.1

continuous functions on D — 2.1

0 < A< 1, k € N: Holder continuous functions of order A\ and
k+AXonD—21

Lipschitz continuous functions on D — 2.1

square integrable functions on D — 4.2

L? norm in L?(D) — 4.2

(p, q)-forms on D with coefficients in C*(D) — 4.2

(p, q)-forms on D with coefficients in C*(D) — 4.2

(p, q)-forms on D with coefficients in L?(D) — 4.2

weighted L? space with weighted e™? — 4.2

weighted L? norm in L?(D, ¢) — 4.2

weighted L? inner product in L?(D, ¢) — 4.2

locally square interable functions; functions which are square
integrable on any compact subset of D — 4.2

(p, q)-forms on D with coefficients in L?(D, ¢) — 4.2



2
L(p,q)

s
W*(D)
W?#(D,loc)

(D, loc)

W(Sp,q) (D)

W, o (D loc)
W5 (D)
Ml
H(p.q)(2)
H(D)

H (D)
EPI(M)

S

Fip.) (M)

Hl()p,q)(M)
o™ fllls
H?(Qy,)
O(K)

LP(ws)
I 112 ws)

Fp,q) (ws)

Hp(ws)
H(M)
Pr
HPy

SPy
HPP"

SPpe

Notation 369

(p, q)-forms on D with coefficients in L?(D,loc) — 4.2
Sobolev norm of order s — 4.5

Sobolev s-space — 4.5

functions in W#*(D') for any relatively compact subset D’ of
D—45

(p, @)-forms on D with coeflicients in W$(D) — 5.1

(p, q@)-forms on D with coefficients in W#(D, loc) — 5.1
closure of Cg°(D) in W*(D) — 5.1

tangential Sobolev norm of order s — 5.2

harmonic (p, ¢)-forms on a hermitian manifold & — 5.3
square integrable holomorphic functions on D — 6.1
=W*(D)nO(D) —6.3

smooth (p, g)-forms on a C'R manifold — 7.2

Schwartz space in R” — 8.1

(p, q)-forms on a C R manifold M with coefficients in F
where F is any of the function spaces L?(M), W*(M) and
CF(M)— 8.3

harmonic (p, ¢)-forms on a C'R manifold M — 8.4

weighted tangential Sobolev norm of order s — 9.3

Hardy space on 2, — 10.2

holomorphic functions on neighborhoods of the compact set
K —11.1

1 < p < oo: p-th power integrable functions on ws — 11.5
L? norm in LP(ws) — 11.5

(p, q)-forms on ws with coefficients in F where F is any of
the function spaces LP(ws), LP(ws, loc), W*(ws), W*(ws, loc),
C*(ws) and CF(ws) — 11.5, 11.6

= L?(ws) N Ker(dy) — 11.6

= L*>(M) N Ker(0y) on a CR manifold M — 12.2
homogeneous polynomials of degree k in R — 12.3

solid spherical harmonics (homogeneous harmonic
polynomials of degree k) — 12.3

= HPy|gn-1: surface spherical harmonics — 12.3

elements in HP}, generated by z2°z° with |a| = p, |3| = ¢ and
p+g=k—124

= H’Pﬁ’qlss — 124

Operators and Related Definitions

exterior derivative — 1.5

Laplacian — 4.2

Cauchy-Riemann operator in C" or on a complex manifold
— 1.1, 1.5, 4.2

domain of the operator T — 4.1
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Ker(T), R(T) kernel and range of the operator 7' — 4.1

R(T) closure of R(T) — 4.1

9 formal adjoint of & — 4.2

Vo formal adjoint of @ under the L?(D, ¢) norm — 4.2

a L? adjoint of 0 — 4.2

5; L? adjoint of d with the weighted norm || ||, — 4.2
o(9,dp) symbol of 9 in the direction of dp — 4.2

O = %* + 8°8: d-Laplacian (9-Neumann problem) — 4.2
D! D) N Dom(8') — 4.3

(p.q) (p q)(
(D

Doy c (DN Dom(c?:) — 4.3

%“”p_,q) c(p (D) N Dom(3y) — 4.3

5 u —e‘z’a L(e ®u) — 4.3; =e®L;(e"%u) — 5.3

Nip.o) = N: 0-Neumann operator on D in C* — 4.4; on a
hermitian manifold 2 — 5.3

H(pyo) (D) = L%p,o)(D) N Ker(g) — 4.4

Hp o) orthogonal projection from L?p,O) (D) onto Hp0) (D) — 4.4

P Bergman projection — 4.4

Ny, N¢ weighted 0-Neumann operator — 4.5, 6.1

A? a special tangential pseudodifferential operator of order s —
5.2

T projection from AP-2(C™) to AP9(M) — 7.2

O tangential Cauchy-Riemann operator on a C'R manifold —
7.2

Tpq projection from APTICT*(M) onto AP4(M) — 7.2

A® a special pseudodifferential operator of order s — 8.1

d, L? adjoint of 0, — 8.3

Oy = 8,0, + 0,0y Jy-Laplacian — 8.3

Ny inverse operator for 0, on a compact C'R manifold (or
sometimes called the 9,-Green operator) — 8.4

H(bp_’q) orthogonal projection from L<p o) (M) onto H (o) (M) — 8.4

S, Sy Szegd projection — 8.4; on ws — 11.6

* Hodge star operator — 9.1

S =H ) —94

Lo sub-Laplacian on a stratified Lie group — 10.1

Lo = Lo+ iaT — 10.1

dc. =0c+0, —11.1

o (Fp, dr) symbol of ¢, in the direction of dr — 11.6

Ny 5;,—Neumann operator — 11.6

Kernel Functions and Integral Operators

1/(2miz) Cauchy kernel (fundamental solution for 9 in C) — 2.1, 11.1
B((,2) Bochner-Martinelli kernel — 2.2
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Bergman kernel function on D — 6.3

weighted Bergman kernel function — 6.5

fundamental solution for O, on the Heisenberg group — 10.1
Cauchy-Szeg6 kernel — 10.2

relative fundamental solution for OY on the Heisenberg group
— 10.3

radially symmetric fundamental solution for A in C* — 11.1
(Cauchy-Fantappie) kernel constructed from the map G —
11.1

=Q1"™ or Q"™ kernel constructed from maps G',---,G™
—11.1

Bochner-Martinelli-Koppelman kernel on forms — 11.1
integral solution operator for d on a convex domain D —
11.2

integral solution operator for d, on a strictly convex
boundary — 11.3

integral solution operator for 9, on a C R manifold with
boundary — 11.4, 11.5
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Index

A

Adjoint operator, 59
Almost complex structure, 116
integrable, 116
Analytic
disc method, 57
hypoellipticity, 163
pseudolocality, 259
Analyticity hypothesis, 258-259
Automorphism, 137
group, 14

B

O, 64, 66, 78, 80-81, 87, 111-113, 122,
203
Op, 190, 196-202, 229-232, 237, 256-
257, 309
Base space, 7
Basic estimate, 88
Bergman
kernel function, 140
on the unit ball, 142-143
transformation law of the, 144
weighted, 156
projection, 82-83, 143, 210
weighted, 125
space, 82
weighted, 156
Beta function, 142
Bezout’s theorem, 305
Biholomorphism, 5
Bochner-Martinelli
formula, 266
kernel, 22-23, 266, 283
transform, 24, 40
Bochner-Martinelli-Koppelman
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formula, 33
jump formula, 278
kernel, 233, 266
transform, 278, 282
Boundary operator Ny, 201
Boundary value problem, 67, 87
Dirichlet, 67
elliptic, 67, 102
Bounded linear
functional, 228
operator, 343, 345
Boutet de Monvel’s global embeddabil-
ity theorem, 317
Bundle
complexified cotangent, 8, 167
complexified tangent, 105, 116, 165
cotangent, 8
exterior algebra, 8
line, 7
tangent, 7, 165
vector, 6
holomorphic, 116

C

C™ topology, 317, 319, 335
Canonical solution, 80, 114, 231, 309
Cartesian product, 13
Cauchy
data, 73
estimate, 21, 53, 140, 150
integral formula, 15, 21
for polydisc, 21
kernel, 22, 262-263, 266, 283
problem, 12, 207
C*, 207
0, see 0-Cauchy problem
L?, 207, 232
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transform, 17
Cauchy-Kowalevski theorem, 172, 257
Cauchy-Riemann

complex, see & complex

equation, see 0 equation

inhomogeneous, see inhomoge-
neous 0 equation

manifold, see C'R manifold

operator, see 0 operator

structure, see CR structure
Cauchy-Szeg6 kernel, 250

on the unit ball, 250

associated with the Siegel upper

half space, 254

Cayley transform, 171, 250
Characteristic point, 291, 302-304, 309
Circular domain, 137
Closed

graph theorem, 59

operator, 59

range property, 233
Commutator, 10, 94, 178
Compact operator, 89, 92, 113, 200-

201
Compactness estimate, 163
Compatibility condition, 2, 10, 12, 36,
169, 226, 228, 283, 290, 293
Complex, 10
Hessian, 105
structure, 5, 317
almost, 116
Condition

R, 144, 148, 160

(T), 129

Y(1), 193, 319

Y(q), 193

Z(q), 192-193
Convex domain, 136, 272

strictly, 46, 272
Coordinate neighborhood, 3
CR

diffeomorphism, 166

embedding, 315

function, 35, 166, 315, 323, 327

immersion, 325

manifold, 166, 315-317, 323

nondegenerate, 330

Index

orientable, 168, 190
pseudoconvex, 169
mapping, 166
structure, 166, 169, 315, 323, 329-
330
(strongly) pseudoconvex, 329
k-strongly pseudoconvex, 246
Current, 311

D

0
-Cauchy problem, 207, 232
-closed extension, 211
-closed form, 84-85, 222, 270, 280
complex, 10
equation, 1, 10, 15, 19-20, 27, 116

inhomogeneous, 1, 36

operator, 1, 25, 62, 116, 263

-closed form, 222, 280, 298
complex, 167-169, 190
equation, 35, 202
homogeneous, 35
inhomogeneous, 169
Laplacian, see Oy
operator, 167-169, 190, 327
De Rham cohomology, 162
Defining function, 2
global, 2
local, 2
plurisubharmonic, 134
strictly, 45, 297
strictly convex, 272
Density lemma, 70, 163, 227-228, 305
Derivation, 168
Derivative
exterior, 9, 116, 168
normal, 67, 93
complex, 67
tangential, 93, 95
Dirac (delta) function, 238, 262
Dirichlet problem, 92
for Db, 313
Distribution function, 343
O-Neumann
boundary condition, 65



Index

operator, 78, 80
weighted, 83, 122, 125
problem, 61, 67, 87
weighted, 121
Op-Neumann
boundary condition, 309
operator, 309-310
problem, 309-310
Dolbeault-Grothendieck lemma, 33
Domain
circular, see circular domain
Hartogs, see Hartogs domain
Kohn-Nirenberg, see Kohn-
Nirenberg domain
Lipschitz, see Lipschitz domain
of finite type, 162, 233
of holomorphy, 52
pseudoconvex, see pseudoconvex
domain
Reinhardt, see Reinhardt domain
(strictly) convex, see (strictly) con-
vex domain
worm, see worm domain

E

Ellipsoid
complex, 312
real, 312
Elliptic
regularization method, 102, 124,
130, 198
system, 83, 225
Euclidean space
complex, 1, 315
Exhaustion function, 46
strictly plurisubharmonic, 48-50
Extension
operator, 340
theorem, 340

F

Fatou’s lemma, 308
Fibre space, 6
Finite

ideal type, 163, 233
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type, 162-163, 181, 233
Foliation, 10, 12
Form
O-closed, see O-closed form
éb—closed, see Op-closed form
Harmonic, 201
Hermitian, 42, 105, 191
Levi, see Levi form

1-, 8
(1,0)-, 9
(p> Q)'7 8_97 61
harmonic, 201
r-, 8, 341
(0,1)-,9
Fourier

coefficients, 323
inversion formula, 157
inversion theorem, 337
transform, 173, 220, 337
partial, 156, 220
Fréchet
norm, 306
space, 310, 317
Friedrichs’ lemma, 351
Frobenius theorem, 11
complex, 13
Function
barrier, 313
convex, 77
CR, see CR function
distribution, see distribution func-
tion
harmonic, 160, 324
holomorphic, 1, 4, 9
Lipschitz, see Lipschitz function
pluriharmonic, see pluriharmonic
function
plurisubharmonic, see plurisubhar-
monic function
subharmonic, 45
transition, 3
weight, 61
Fundamental solution
for 0, 262-263
for 9y, 281, 291
for 9/0z, 262
for A\, 262
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g for Ly, 238
o for L, 239
relative, 256
Fundamental theorem of calculus, 2

G

Gamma function, 142, 241
Garding’s inequality, 83, 88, 92, 225
Generic point, 291
Gram-Schmidt orthogonalization pro-
cess, 105
Graph norm, 70
Green’s
identity, 321
theorem, 90
Grushin operator, 181

H

Hahn-Banach theorem, 76, 228, 306,
342
Hardy-Littlewood lemma, 346
Hardy space, 247
Hardy’s inequality, 344, 348
Hartogs
domain, 151
complete, 164
extension theorem, 36, 38
triangle, 153
Hausdorff space, 3
Heat operator, 181
Heisenberg group, 236, 326
generalized, 245
Henkin’s homotopy formula, 335
Hessian
complex, see complex Hessian
real, see real Hessian
Hilbert
integral, 301, 312, 344
operator, 313
space, 59-60, 140, 247
separable, 140
Hodge
decomposition theorem, 310
for 9y, 229, 231
star operator, 208

Index

(type) decomposition, 79, 81, 201
Hodge-de Rham theorem, 85
Holder
continuous, 278
of order A, 17
of order k + A, 17
space, 273, 277, 287, 289
Hélder and LP estimates for 3, on strictly
convex boundaries, 287
Holder’s inequality, 249, 289, 301
Holomorphic
convexity, 55
coordinate, 25
Holomorphically convex, 52
hull, 52
Homogeneous
coordinate, 4
harmonic polynomial, 321, 323
polynomial, 320
Homotopy formula for 0
on convex domains, 270, 273
Homotopy formula for 9, 280
on C'R manifolds with boundaries,
293
on strictly convex boundaries, 282,
285
Hopf lemma, 149
Hoérmander’s solution, 57
Hypersurface, 35
strictly convex, 298
strictly (strongly) pseudoconvex,
298, 309
Hypoelliptic, 181

I

Identity theorem, 22
Implicit function theorem, 47, 339
Index set, 3
Inner product, 320
Hermitian, 6
Integrability condition, 116, 166, 316
Integral
curve, 11
operator, 293, 296
Interior
product, 64, 87, 251, 265
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regularity, 310-311
Interpolation, 129, 289, 341-343

complex, 350

inequality, 100, 188, 342

norm, 347

real, 350

space, 94, 342

theorem, 102, 343
Isometry, 143
Isothermal parameter, 33

J

Jacobian, 315, 325

complex, 143, 149

matrix, 7

real, 143
Jacobowitz-Treves theorem, 330
Jump formula, 23

K

Kohn-Nirenberg domain, 313
Kohn’s
Laplacian, see 9,-Laplacian
solution, 57, 114
Kronecker delta, 171, 192

L

LP existence and estimates for local
solution of 9, 298
L? existence theorems
for 9, 75
for 0y, 207, 217
for the O-Neumann operator, 78
for the 8,-Neumann operator, 309
Laplacian, 45, 66, 83, 320
Laurent expansion, 154
Leaf, 10, 12, 175
Left invariant, 242
metric, 236, 246
vector fields, 236, 246
Leray
kernel, 270
map, 270
Leray-Koppelman theorem, 271
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Levi
flat, 169
form, 42, 45, 169
diagonalizable, 313
matrix, 107, 169
polynomial, 56, 318
problem, 56, 114
Lewy operator, 173, 237, 258, 327
Lewy’s
extension, 306
theorem, 172
Lie
algebra, 238
bracket, 13, 162, 166
group, 236
nilpotent, 238
stratified, 238
Liouville’s theorem, 41
Lipschitz, 17
boundary, 339
constant, 346, 352
domain, 339
function, 339
space, 204
Local
coordinate system, 3
trivialization, 7
Lopatinski’s condition, 67

M

Malgrange and Ehrenpreis theorem,
173
Manifold
complex, 3, 341
almost, 116
integrable, 116-117
differentiable, 3
Hermitian, 6
pseudoconvex, 107
real analytic, 3
Riemannian, 341
smooth, 3
stein, see Stein manifold
topological, 3
Map
biholomorphic, 5, 13, 140
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C-linear, 5
holomorphic, 5
projection, 6
R-linear, 5-6
Marcinkiewicz interpolation theorem,
344
Matrix
Hermitian, 6, 105, 169, 298
Levi, see Levi matrix
transition, 7
Maximum modulus principle, 14, 324
Mean value property, 146, 148
Mean value theorem, 28, 179, 346
Metric
Hermitian, 6, 105, 168, 190, 317
Riemannian, 33
Microlocal analysis, 233
Minkowski functional, 136
Minkowski’s inequality, 344
Monomial, 320
Montel’s theorem, 14
Morera’s theorem, 39
Morrey-Kohn estimate, 89, 204
Morrey-Kohn-Hormander’s estimate, 68
Multiindex(-dices), 9, 21
Multitype, 163

N

Neighborhood base, 298, 309
Nevanlinna class, 312
Newlander-Nirenberg theorem, 117
Nirenberg’s local nonembeddability ex-
ample, 326

Nirenberg’s theorem, 329
Noncharacteristic point, 291
Noncoercive, 67
Nonisotropic

dilation, 238

normed spaces, 259
Normal family, 141

o

1/2-Holder estimates for 9 on strictly
convex domains, 275
One-parameter group, 204

Index

Open mapping theorem, 317
Operator

Ly, 238

of type (p,p), 344

of type (p,q), 343
of weak type (p, q), 343
Orbit, 137
Order, 177
Overdetermined partial differential equa-
tion, 12

P

(p, q)-norm, 343

Parseval’s identity, 338

Plancherel’s theorem, 338

Plemelj jump formula, 17, 24, 226,

280

Pluriharmonic function, 151

Plurisubharmonic function, 44-45,
(strictly) 45, 105-106, 111

Poincaré, H., 13

Poincaré lemma, 33

Poisson
integral, 279
kernel, 278

Polydisc, 20
Positive self-adjoint operator, 342
Power series representation, 22
Principal value limit, 267
Probabilistic method, 204
Product topology, 1
Projective space
complex, 4
real, 3
Property (P), 163
Pseudoconvex, 44, 49, 105, 169
domain, 45
Levi, 45
strictly (strongly), 45
Levi, 44
neighborhood base, 153
strictly (strongly), 105-106, 169
Pseudodifferential operator, 178
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Q

@-norm, 103
Quotient topology, 4

R

Real Hessian, 272
Reinhardt domain, 137
complete, 137
Rellich identity, 349
Rellich’s lemma, 340
Reproducing kernel, 155, 283
Residue, 157-158
Riemann
mapping theorem, 2, 13, 148
sphere, 4
sum, 148
surface, 4
Riemann-Lebesgue theorem, 337
Riesz
representation theorem, 76, 102,
140, 229, 342
transform, 279
Riesz-Thorin theorem, 343
Rossi’s global nonembeddability exam-
ple, 323
Runge approximation theorem, 296

S

Sl-action, 137
Sard’s theorem, 49
Schwartz space, 337
Schwarz

inequality, 94

generalized, 340

reflection principle, 173
Section, 7
Sheaf, 119
Siegel upper half space, 171, 235, 326
Signature, 169, 330, 335
Singular

integral, 267

integral operator, 203
Smoothing operator, 187
Sobolev
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embedding theorem, 340
norm, 339
negative, 146
space, 88, 217, 338-342
Solution operator for &
on convex domains, 273
Solution operator for 9,
on C'R manifolds with boundaries,
293
on strictly convex boundaries, 283,
287
Spectrum, 200
Spherical harmonics, 320
solid, 321
surface, 321
Stein manifold, 119, 233
Stokes’ theorem, 15, 22-23, 172, 216,
267-268, 271, 280, 286, 293-
294, 296, 299-300, 329, 350
Stone-Weierstrass theorem, 321
Subbundle, 13, 116, 166, 168, 190
Subelliptic
multiplier, 163, 233
1/2-estimate, 87-88, 191
operator, 165
Sub-Laplacian, 238
Submanifold, 10
complex, 13, 175, 325
Submean value property, 45, 48
Sum of squares of vector fields, 181
Symbol, 178, 309, 338
Szegd projection, 202, 230, 254-259,
311, 317
weighted, 233

T

Tangent
space, 5, 7
complexified, 5
holomorphic, 5
vector
of type (1,0), 5
of type (0,1), 5
Tangential
Fourier transform, 93
Sobolev
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norms, 93
weighted, 219
space, 102
vector field, 18, 129
Tangential Cauchy-Riemann
complex, see 9), complex
equation, see 0, equation
homogeneous, see homogeneous
Oy equation
Taylor polynomial, 305
Taylor’s
expansion, 146, 150
theorem, 348
Theorem
of Korn and Lichtenstein, 33
of Von Neumann, 65
Topological vector space, 341
Torus, 327, 333
Total space, 7
Trace theorem, 340
Transverse circular symmetry, 138
Tubular neighborhood, 94, 215, 219

U

Unbounded operator, 59
Uniqueness theorem, 337
Urysohn’s lemma, 84

w

Weak type, 287

Wedge product, 8

Whitney type decomposition, 225
Worm domains, 151-152

Y

Young’s inequality, 70, 351-352
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