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Preface 

This book i s intended a s both an introductory tex t an d a  reference boo k to thos e 
interested i n studyin g severa l comple x variable s i n th e contex t o f partia l differen -
tial equations . Th e prerequisit e i s familiarit y wit h rea l analysi s an d on e comple x 
variable. Som e knowledg e i n distributio n theor y an d ellipti c partia l differentia l 
equations wil l als o b e helpful . 

The Cauchy-Rieman n operato r i s o f fundamenta l importanc e i n comple x anal -
ysis. Whe n restricte d t o th e boundary , i t naturall y induce s th e tangentia l Cauchy -
Riemann operato r i n several complex variables. I n the las t fe w decades, tremendou s 
progress ha s been mad e i n the stud y o f these tw o operators whic h ha s greatly influ -
enced th e developmen t o f partia l differentia l equation s a s wel l a s severa l comple x 
variables. Th e purpos e o f thi s boo k i s t o provid e a n update d accoun t o f recen t 
developments fo r thes e equation s an d relate d operators . 

The mai n featur e o f each o f these operator s i s that i t i s no longer elliptic , eithe r 
as a  boundary valu e proble m o r a s a n operato r b y itself . W e first  us e L 2 theor y t o 
study th e Cauchy-Rieman n equation s an d th e <5-Neuman n proble m wit h a  priori 
estimates an d harmoni c analysis . Pseudodifferentia l operator s ar e use d onl y whe n 
we study th e tangentia l Cauchy-Rieman n comple x an d it s Laplacian . Th e integra l 
kernel metho d i s als o employe d t o obtai n explici t formula s fo r solution s wit h es -
timates i n Holde r an d L p spaces . Thes e technique s ar e applie d t o obtai n Hodg e 
type decompositio n theorem s fo r th e Cauchy-Rieman n comple x an d fo r th e tangen -
tial Cauchy-Rieman n complex . Anothe r topi c extensivel y treate d i n thi s boo k i s 
the realizatio n o f almos t comple x manifold s an d th e embeddabilit y o f abstrac t CR 
structures, bot h locall y an d globally . 

In th e firs t thre e chapters , w e introduc e som e backgroun d materia l i n comple x 
analysis. Thi s include s th e Cauch y integra l formul a i n on e variabl e wit h it s appli -
cations, domain s o f holomorphy an d pseudoconvexit y i n severa l variables . 

Chapters 4-6 are devoted to the solvability and regularity of the Cauchy-Rieman n 
equation usin g Hilber t spac e techniques . I n Chapte r 4  we deriv e L 2 existenc e the -
orems fo r d  o n pseudoconve x domain s usin g estimate s whic h involv e densitie s de -
pending on a parameter. Th e existence of the 9-Neuman n operato r i s also obtained . 
On strongl y pseudoconve x domains , subellipti c 1/2-estimate s ar e deduce d fo r th e 
9-Neumann operato r an d th e boundar y regularit y i n Sobole v space s i s studie d i n 
Chapter 5 . I n Chapte r 6 , the vector field techniqu e i s introduced t o study the globa l 
regularity o f the 9-Neuman n proble m o n weakly pseudoconve x domains . Boundar y 
regularity o f the Bergma n projectio n an d biholomorphi c mapping s ar e als o investi -
gated. 

The secon d hal f o f th e boo k i s intende d a s a  self-containe d introductio n t o 
the tangentia l Cauchy-Rieman n equation . I n Chapte r 7 , th e tangentia l Cauchy -
Riemann comple x i s defined o n a  CR  manifold . Th e nonsolvabl e Lew y operato r i s 
then show n t o aris e fro m th e tangentia l Cauchy-Rieman n operato r associate d wit h 
a strongly pseudoconvex domain . I n Chapter s 8  and 9 , we give a detailed accoun t o f 
the L 2 theor y o f db-  I n Chapte r 8 , usin g pseudodifferentia l operators , w e establis h 

XI 
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the subellipti c estimat e fo r D ^ whic h i s essentia l t o th e existenc e an d regularit y 
theorems fo r db  on compac t strongl y pseudoconve x CR  manifolds . Hypoellipticit y 
of sum o f squares o f vector fields  o f finite  typ e i s also proved . Chapte r 9  is devote d 
to L 2 existenc e theorem s an d th e closed-rang e propert y fo r db  on th e boundar y o f 
a smoot h bounde d pseudoconve x domai n i n C n. 

In Chapter s 1 0 and 11 , integral representation s o f solutions ar e the mai n theme . 
This include s th e constructio n o f a n explici t fundamenta l solutio n fo r D ^ o n th e 
Heisenberg group , an d necessar y an d sufficien t condition s fo r th e loca l solvability of 
Lewy operator . Integra l kernel s fo r d  an d db  are derive d wit h estimate s o n conve x 
domains an d thei r boundaries . W e als o deriv e a  homotop y formul a fo r db  over a n 
open subset o n a strongly pseudoconvex hypersurface wit h L p estimate s and interio r 
regularity. I n Chapte r 12 , embeddabilit y o f abstrac t CR  structure s i s addressed . 
This include s bot h loca l an d globa l embeddabilit y result s an d counterexample s fo r 
strongly pseudoconve x CR  structures . 

Many topic s ar e omitte d i n orde r t o kee p th e boo k a  reasonabl e length . I n 
particular, finit e typ e conditio n an d compactnes s fo r th e 9-Neuman n problem , an -
alytic hypoellipticit y fo r subellipti c operators , functio n theor y o n Stei n manifold s 
or nonsmoot h domains , th e asymptoti c expansio n o f th e Bergma n kernel , an d th e 
complex Monge-Ampere equation ar e not deal t wit h here . Pseudodifferentia l opera -
tors an d integra l kerne l method s ar e only used i n the simples t setting . Fortunately , 
many excellen t textbook s an d reference s ar e availabl e o n thes e topics . Th e book s 
The Neumann  Problem  for  the  Cauchy-Riemann  Complex  b y G . B . Follan d an d 
J. J . Koh n an d An  Introduction  to  Complex  Analysis  in  Several  Variables  b y L . 
Hormander hav e been inspiration s t o bot h authors . Severa l excellen t textbook s ar e 
also availabl e o n integra l kerne l methods . Numerou s reference s ar e give n i n th e 
notes afte r eac h chapter . Thes e ar e b y n o mean s complete , i n ligh t o f th e recen t 
activity, bu t ar e intende d t o direc t intereste d readers . 

It give s us great pleasur e t o thank ou r thesi s advisor , Professo r Josep h J . Kohn , 
for introducin g u s t o thi s beautifu l subject . Hi s influenc e i s eviden t throughou t 
the book . W e ar e indebte d t o Davi d Barrett , Harol d P . Boas , Da n Coman , Dar -
kish Ehsani , Philli p Harrington , Ale x Himonas , Michae l Range , Nanc y Stanton , 
Sophia Vassiliado u an d Deyu n Wu , wh o hav e rea d par t o f th e manuscrip t an d 
provided man y valuabl e suggestions . Annett e Pilkingto n ha s give n u s editoria l as -
sistance. Professo r Shing-Tun g Ya u kindl y invite d u s t o publis h thi s boo k a t th e 
AMS-International Press . W e would lik e t o than k the m all . 

We woul d als o lik e t o than k ou r hom e institute s fo r thei r support . Financia l 
assistance fro m th e Nationa l Scienc e Foundation o f the Unite d States , th e Nationa l 
Science Counci l o f th e Republi c o f Chin a i n Taiwan , an d th e Universit y o f Notr e 
Dame ar e gratefull y acknowledged . Finally , w e woul d lik e t o expres s ou r deepes t 
appreciation fo r ou r spouses , Jen-Fe n Y . Che n an d Hsueh-Chi a Chang , ove r th e 
past fe w years . Withou t thei r patienc e an d understanding , th e boo k woul d no t 
have bee n finished. 

So-Chin Che n Mei-Ch i Sha w 
Hsinchu, Taiwan  Notre  Dame,  Indiana 

August 200 0 
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APPENDIX 

A. Sobole v Space s 

We include a  short summar y o f the basi c properties o f the Sobole v spaces fo r th e 
convenience o f the reader . Ou r goa l i s to giv e precise definition s an d statement s o f 
all theorems or lemmas about th e Sobolev spaces which have been used in this book . 
Since mos t o f th e result s ar e well-know n an d du e t o th e vas t amoun t o f literatur e 
on thi s subject , w e will provide ver y fe w proofs . 

Let /  £  L l(RN), th e Fourie r transfor m /  o f /  i s defined b y 

(1.1) /( 0 =  f  e- ix<f{x) dx, 
JRN 

where x  •  £ = X^= i x j€j- Th e estimat e 

II / Ho c < I I / IU i 
is clear fro m th e definition . W e now lis t som e basic propertie s o f the Fourie r trans -
form whos e proof s ar e lef t t o th e reade r o r ca n b e foun d i n an y standar d text . Fo r 
instance, se e Stein-Weiss [StW e 1]. 

Theorem A. l (Riemann-Lebesgue) . Suppose  that  f  £  L 1(R iV), then  /(£ ) £ 
Co, where  Co denotes  the  space  of  continuous  functions  on  RN that  vanish  at  infin-
ity. 

Theorem A. 2 (Fourie r Inversion) . Suppose  that  f  £  L 1(RN) and  that  /(£ ) £ 
L ^ R " ) . Then 

f{x) =  {2*)- N I  e^tfMdt,  a.e. 
JRN 

In other  words,  f(x)  can  be  redefined on  a  Lebesgue measure  zero  set  so  that  f(x)  £ 
C0. 

Theorem A. 3 (Uniqueness) . If  f  e  L 1(RN) and  f(0  =  0  for all  £ £  R N, then 
f(x) =  0  almost  everywhere. 

Denote b y S  th e Schwart z spac e o f rapidly decreasin g smoot h function s o n 1 ^ , 
i.e., S  consist s o f al l smooth function s /  o n 1 ^ wit h 

sup \x 0Daf(x)\ <  oo, 
RN 

for al l multiindice s a,/? , wher e a  =  (ai,-* - ,  ayv), x a =  x^ 1 •  • •  x^N an d D a = 
D^l -  -  - D%™, eac h o ^ i s a  nonnegativ e integer . Obviously , an y smoot h functio n 
with compac t suppor t belong s t o S  an d w e have th e followin g formulas : 

(w) (o = term-
Daf(0 =  ( (^F/XO-

337 
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Theorem A.4 . The  Fourier  transform  is  an  isomorphism  from  S  onto  itself. 

Since L2(RN) <£.  L 1(RN), th e Fourier transform define d b y (1.1) in general cannot 
be applied t o L 2 function s directly . Usin g the following fundamenta l theore m o f the 
Fourier transform , on e ca n exten d th e definitio n t o L 2 function s easily : 

Theorem A. 5 (Plancherel' s Theorem) . The  Fourier  transform  can  be extended 
to be  an automorphism  of  L 2(RN) with 

(1.3) | | / | | 2 = (27r ) " | | / || 2 for  all  f  e  L\R N). 

Equation (1.3)  is  called  the ParsevaVs  identity. 

We collec t a  fe w result s abou t th e Sobole v spaces . Fo r a  detaile d treatmen t 
of th e Sobole v space s W S(Q) fo r an y rea l s , w e refe r th e reade r t o Chapte r 1  in 
Lions-Magenes [LiM a 1 ] for smoot h domain s o r t o Grisvar d [Gr i 1 ] for nonsmoot h 
domains. 

We first  defin e th e Sobole v space s i n R N. Le t 

p(D) =  ] T a aD
a 

\a\<m 

be a  differentia l operato r o f orde r m  wit h constan t coefficients . Then , b y (1.2) , i t 
is easy t o se e tha t fo r an y /  G  <S , 

(1-4) ipiDTf)(0=P(iOf(0-

Here, the polynomia l p(i£)  i s obtained b y replacin g th e operato r D  i n p(D)  b y i£ . 
For an y s  G  R, w e define A s :  S — • S  b y 

(1.5) A°u{x)  =  - ^ /  e ^ ( l +  |£| 2)*fi(0 de -
( 2 7 r ) JRN 

Set a(A s) =  ( 1 + |£j 2)s /2. a(A s) i s calle d th e symbo l o f A s. Defin e th e scala r 
product (u,v) s o n S  x  S  b y 

{u,v)8 =  (A su,Asv) 

and th e nor m 
II u || s =  v  {u,u) s fo r u  £  S. 

The Sobolev space H s(R iV) i s the completion o f S unde r th e norm defined above . I n 
particular, L 2(RN) =  H°(R N). Th e Sobole v norms | | | | ^ r ) fo r an y u  G  C§°(R N) 
is given b y 

(i-6) I I« I I« . (R~) = /  (i  + m 2y\m\2dt. 

Next, we define the Sobolev spaces for domains in R^. Le t D ec R N b e a domain 
with C k boundary , k  =  1 , 2, • • • . B y thi s w e mea n tha t ther e exist s a  real-value d 
Ck functio n p  defined i n R^ suc h tha t ft  =  {z  e  R N\p{z) <  0} and |Vp | ^  0  on MX 
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The implici t functio n theore m show s tha t locally , bft  ca n alway s b e expresse d a s a 
graph o f a  C k function . I f the boundar y ca n b e expresse d locall y a s the grap h o f a 
Lipschitz function , the n i t i s called a  Lipschit z domai n o r a  domai n wit h Lipschit z 
boundary. 

For an y domai n ft  i n R N, le t H s(ft), s  >  0 , b e define d a s th e spac e o f th e 
restriction o f al l function s u  G  HS(RN) t o ft.  W e define th e nor m o f H s(ft) b y 

(1-7) I I u \\ H.m =  M € mf RN) I I U || a(R*) . 

When s  i s a  positiv e integer , ther e i s anothe r wa y t o defin e th e Sobole v space s 
by weak derivatives . Fo r an y domai n ft  C  R^, w e define W s(ft) t o b e th e spac e o f 
all the distribution s u  i n L 2(ft) suc h tha t 

Dau e  L 2(ft), \a\  <  s, 

where a  i s a  multiinde x an d |a | =  a i +  •  • • +  aw - W e define th e nor m | | ||w s(n) b y 

(1-8) I I u f W3{a) =  > T | | D<*u  | | ^ < oo . 
\a\<s 

The spac e C oc(ft) denote s th e spac e o f function s whic h ar e restriction s o f func -
tions in C°°(R N) t o ft.  I f ft  i s a bounded Lipschit z domain , the n C°°(ft)  i s dense i n 
Ws{ft) i n the W s(ft) nor m (se e Theorem 1.4.2. 1 in Grisvar d [Gr i 1]) . Thu s W s{ft) 
can als o b e define d a s th e completio n o f th e function s o f C°°(ft)  unde r th e nor m 
(1.8) whe n ft  ha s Lipschit z boundary . 

When ft  =  R N , w e hav e H S(RN) =  W S(RN) fo r an y positiv e intege r s.  Thi s 
follows fro m Plancherel' s theore m an d th e inequalit y 

^ £ i n 2 < ( i +  Ki2 r<c£i r i 2 , 
j a j < s |  a |  < s 

where C  >  0. 
Obviously fo r an y bounded domai n ft,  w e have H s(ft) C  W s(ft) fo r an y ft.  I f 6f t 

is Lipschitz , th e followin g theore m show s tha t th e tw o spaces ar e equal : 

Theorem A. 6 (Extensio n Theorem) . Let  ft  be  a  bounded  open  subset  ofR N 

with Lipschitz  boundary.  For  any  positive  integer  s,  there  exists  a  continuous linear 
operator P s from  W s(ft) into  W*(R N) such  that 

PSU\Q =  u. 

The extension  operator  P s can  be  chosen to  be  independent of  s.  In  particular,  we 
have 

Ws{ft) =  H s(ft). 

For a  proo f o f Theore m A.6 , se e Chapte r 6  i n Stei n [St e 2 ] or Grisvar d [Gr i 1] . 
Thus whe n s  i s a  positiv e intege r an d ft  i s bounde d Lipschitz , th e Sobole v space s 
will b e denote d b y W s(ft) wit h nor m | | || s(f>), o r simpl y | | || s 
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Theorem A. 7 (Sobole v Embedding) . If  ft  is  a  bounded  domain  in  R N with 
Lipschitz boundary,  then  there  is  an  embedding 

Wk(ft) <- > Cm(H) for  any  interger  m,  0<m<k-  N/2. 

Theorem A. 8 (Rellic h Lemma) . Let  ft  be  a bounded  domain  in  R N with  Lip-
schitz boundary.  If  s  >  t>0, the  inclusion  VF s(f£) °- » W t(ft) is  compact. 

Theorem A. 9 (Trac e Theorem) . Let  ft  be  a bounded domain in  RN with  smooth 
boundary. For  s  >  1/2 , the  restriction  map  f  — » f\ bn for  any  f  G  C°°(fl) can  be 
extended as  a  bounded  operator  from W s(ft) to  W s~l/2(bfl). For  any  f  G  W s{ft), 
f\bn G  Ws~1^2(bft) and  there  exists  a  constant  C s independent  of  f  such  that 

II / L-i(6n ) <C s\\f IU (n) • 

We remark that i n general, the trace theorem does not hold for s  =  1/2 . However , 
if /  G  Wl/2(ft) an d /  i s harmoni c o r /  satisfie s som e ellipti c equations , the n th e 
restriction o f /  t o bft  i s in L 2 (c.f . Lemm a 5.2.3) . 

Let ft  b e a  bounde d domai n i n M. N. W e introduc e othe r Sobole v spaces . Le t 
W$(ft) b e the completion o f C£°(fi) unde r W s(ft) norm . Whe n s  =  0 , since C§°(ft) 
is dens e i n L 2(0), i t follow s tha t W$(ft)  =  W°(ft)  =  L 2(Q). I f s  <  1/2 , w e als o 
have C§°(ft)  i s dense i n W s{ft). Thu s 

ws(n) = w£(Q), s< 1-. 

This implie s tha t th e trac e theore m doe s no t hol d fo r s  <  1/2 . Whe n s  >  1/2 , 

w$(n) cw s(ft). 
We define W~ s{ft) t o be the dual o f W$(ft)  whe n s  >  0  and th e norm of W~ s(ft) 

is defined b y 

/ H-s(fi ) = S U p -
II 9  \\s(Q)' 

where th e supremu m i s take n ove r al l function s g  G  C™(fl).  W e not e tha t th e 
generalized Schwar z inequalit y fo r /  G  Ws(ft), g  G  W~ s(ft), 

\(f,9h\ <  I I / \\s(n)\\  9  \\-s{n) 

holds onl y whe n s  <  1/ 2 fo r a  bounde d domai n ft.  Th e proo f o f thes e result s ca n 
be foun d i n Lions-Magene s [LiM a 1 ] or Grisvar d [Gr i 1]. 

The Sobole v space s ca n als o be define d fo r function s o r form s o n manifolds . Le t 
M b e a  compact Riemannia n manifol d o f real dimension N.  Choos e a  finite  numbe r 
of coordinat e neighborhoo d system s {(£ ,̂<£>i)}£Li , wher e 

(fz :  Ui - ^ V % C r>N 

is a  homeomorphis m fro m Ui  onto a n ope n subse t Vi  contained i n R N. Fo r eac h z , 
1 <  i  <  m, le t {r)j}ji =1 b e a n orthonorma l basi s fo r CT*(M ) o n Ui,  and le t {Cz}£L i 
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be a  partitio n o f unit y subordinat e t o {U l}
r[Ll. Thus , locall y o n eac h coordinat e 

chart Ui,  one ma y expres s a  smoot h r-for m <j)  a s 

(1-9) 0=£Vitf , 
\I\=r 

where /  =  (ii , • • •  , ir) an d rj}  = rf ix A  • •  • A  r\\r. Then , w e define th e Sobole v s  nor m 
of </>e£ r(M), fo r S G R , b y 

(i.io) H\\ 2S=J2Y! Wtt^o^; 1 - 1 || 2 
s ' 

i= l | / |= r 

Denote by W,?(M) th e completion of £r (M) unde r the norm | | •  ||s. Th e definition of 
W*(M) i s highly nonintrinsic. Obviously , i t depends on the choice of the coordinat e 
neighborhood systems , th e partitio n o f unity an d th e loca l orthonormal basi s {rfj}-
However, i t i s easil y see n tha t differen t choice s o f thes e candidate s wil l com e u p 
with a n equivalen t norm . Therefore , W*(M)  i s a  well-define d topologica l vecto r 
space. I f M  i s a  comple x manifol d o f dimensio n n  an d ft  i s a  relativel y compac t 
subset i n M , th e spac e Wf  JCl),  0  <  p , q <  n  an d s  G  R, ar e define d similarly . 
The Sobole v embeddin g theore m an d th e Rellic h lemm a als o hol d fo r manifolds . 

B. Interpolatio n Theorem s an d som e Inequalitie s 

There i s ye t anothe r wa y t o defin e th e Sobole v space s W S(Q) whe n s  i s no t a n 
integer an d s  >  0. Le t k\  an d k 2 b e tw o nonnegative integer s an d k\  >  k^  O n an y 
domain Vt  in R N, w e hav e W kl(ty C  W k2{9). Th e spac e W S{Q) fo r k 2 <  s  <  h 
can b e define d b y interpolatio n theory . W e shal l describ e th e procedur e i n detai l 
for th e interpolatio n betwee n W 1 an d L 2 (i.e. , when ki  =  1  and fe =  0) . 

For eac h v  e  W x(Sl) an d u  e  W^fL), 
N 

(u,v)i =  (u,v)  +  ^T (DiU,D tv), 
2 = 1 

where Di  —  d/dxi.  Le t D(C)  denot e th e se t o f al l function s u  suc h tha t th e linea r 
map 

v—>{u,v)u veW 1^) 
is continuous i n L 2(Q). Fro m th e Hahn-Banac h theore m an d th e Ries z representa -
tion theorem , ther e exist s Cu  G  L2(Q) suc h tha t 

(2.1) {u,v) 1 =  (Cu,v),  ve  W\n). 

If u  G  Co°(fi), the n u  G  D(C) an d Cu  =  (— A +  l)u.  I t i s eas y t o se e tha t £  i s a 
densely defined , unbounde d self-adjoin t operato r an d C  is strictly positiv e sinc e 

(Cu,u) =  \\u\\l>\\u\\ 2. 

Using th e spectra l theor y o f positiv e self-adjoin t operator s (se e e.g . Riesz-Nag y 
[RiNa 1]) , we can defin e C e o f C  fo r 0  G R . Le t 

A = C l>2. 

Then A  i s self-adjoint an d positiv e i n L 2{Q) wit h domai n W 1. Fro m (2.1) , we have 

(u,v)i =  (Au,Av),  fo r ever y u,  v  G  H/ 1(0). 
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Definition B . l . Let  W e(ft) be  the interpolation  space  between  the  spaces  W l(Q) 
and L 2(Q) defined  by 

We{n) =  [W l(n),L2{Ct)]e -  Dom(A l-e), 0  < 0  < 1, 

with norm 

\\u\\ +  llyl 1"^^!! = the  norm  of  the  graph  of  A l~e, 

where Dom(A 1~e) denotes  the  domain  of  A 1-0. 

From th e definition , w e have th e followin g interpolatio n inequality : 

(2.2) WA'-'uW  <  WAuW^Wuf 

Thus 

(2.3 ) H| e <cNll-*NI 9 . 
The genera l cas e fo r arbitrar y integer s k\  an d k 2 ca n b e don e similarly . Thus , thi s 
gives anothe r definitio n fo r th e Sobole v space s W S(Q) whe n s  i s no t a n integer . I f 
b£l i s bounded Lipschitz , thi s space i s the same Sobole v space as the one introduce d 
in Appendi x A  (se e [LiM a 1 ] for detail s fo r th e equivalenc e o f these spaces) . Fo r a 
bounded Lipschit z domain , w e can us e an y o f the definition s fo r W s(fl), s  >  0. 

The followin g interpolatio n inequalit y hold s fo r genera l Sobole v spaces : 

Theorem B. 2 (Interpolatio n Inequality) . Let  Q  be  a bounded  domain  in  W N 

with Lipschitz  boundary.  For  any  e  > 0,  f  £  W Sl(ft), si  >  s  >  s2 >  0 ; we  have  the 
following inequality: 

(2-4) \\f\\ 2s<e\\f\\i +  C e\\f\\%, 

where C e is  independent  of  f. 

Theorem B. 3 (Interpolatio n Theorem) . Let  T  be  a  bounded  linear  operator 
from W S*(Q) into  W U(Q), i  =  1 , 2 , and 

1 1 
si> s 2> - - , ti>t 2> - - , 

then T  is  bounded  from [W Sl(ft), W s*(Q)]e into  [W^f t ) , W^(0)}e 7 0  <  0  < 1 . 

We warn our reader of the danger of interpolation o f spaces if the assumption Si  > 
— 1/2 an d ^  >  —1/ 2 i s dropped! (Se e [LiM a 1]. ) Nex t w e discuss th e interpolatio n 
between L p space s an d som e applications . 

Definition B.4 . Let  (X,fi)  and  (Y , v) be  two measure  spaces  and let  T be  a linear 
operator from a  linear  subspace  of  measurable  functions  on  {X,  /j,)  into measurable 
functions defined  on  (Y , v). T  is  called  an  operator  of  type  (p , q) if  there  exists  a 
constant M  >  0  such  that 

(2-5) | | Tf  || L, <  M  | | /  | | LP 

forallfeLP(X). 

The leas t M  fo r whic h inequalit y (2.5 ) hold s i s calle d th e (p,  g)-norm o f T.  I f / 
is a measurable functio n o n (X,  fi),  w e define it s distribution  function  A / :  (0, oo) — > 
[0, oo] by 

A/(a) =/*({ * |  |/(a;) | ><*}) . 
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Definition B.5 . Let  (X,/JL)  and  (Y,v)  be  two measure  spaces  and  let  T be  a linear 
operator from a  linear  subspace  of  measurable  functions  on  (X,  JLL)  into  measurable 
functions defined  on  (Y,v).  T  is  a  linear  operator  of  weak  type  (p , q), 1  <  p  <  o c 
and 1  < q  < oc , if  there  exists  a  constant  k  such  that 

X(s) < ^ I Z J k ij f or eve ry f  g  U>{X), 

where A  is the  distribution  function  ofTf. 

We have th e followin g interpolatio n theorems : 

Theorem B. 6 (Riesz-Thorin) . Let  (X,/i)  and  (Y,is)  be  two measure  spaces  and 
Po, V\->  qo-,  Qi be  numbers in  [l,oo] . If  T  is  of  type  (pi,qi)  with  (pi,qi)-norm  Mi, 
i —  0,1, then  T  is  of  type  (p tj qt)  and 

(2.6) 

provided 
1 

Pt 

\\Tf\\L*t ^ M o ^ M j U / l l L P t , 

1 - t t  ,  1  1 - t t 
= 1  and  —  —  1 

Po Pi  qt  qo  qi 
with 0  < t  <  1 . 

For proo f o f this fact , se e Theore m 1. 3 i n Chapte r 5  in Stein-Weis s [StW e 1] . 

Theorem B. 7 (Marcinkiewicz) . Let  (X,// ) and  (Y,i/)  be  two  measure  spaces 
and po, pi , qo,  q\  be  numbers such  that  1  < Pi < qi  <  oc  for  i  =  0, 1 and  qo  ^ Qi-
If T  is  of  weak  type  (pi,qi),  i  =  0, 1, then  T  is  of  type  (p ty q t) provided 

l _ l - t t  1  _ 1 - * t 

Pt Po  Pi  qt  qo  qi 

with 0  < t  <  1 . 

For a  proo f o f thi s theorem , se e Appendi x B  i n Stei n [St e 3]. 

Theorem B. 8 (Hardy' s Inequality) . If  f  e  L p(0,oc), 1  < p  <  oc and 

Tf(x) =  -  /  f(t)dt,  x  >  0, 
x Jo 

then 
| | T / | | L P < - ^ | | / | | L P . 

p- 1 

Proof. We use a  chang e o f variables an d Minkowski' s inequalit y fo r integrals , 

\\Tf(x) \LP f(tx)dt 
o 

P 

< [  \\f{tx)\\ vdt 
p JO 

= f n/11,4 -
Jo tp 

. ,~ dt= 7 I I / I ILP -
/ 0 tP  P ' 1 
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Theorem B.9 . Let 
/•OO 

Tf(x)= /  K(x,y)f(y)dy,  x  > 0, 
Jo 

where K(x,y)  is  homogeneous of  degree — 1, that  is,  K(\x,\y) =  A  1 K(x,y), for 
A > 0. If  for each  1 < p < oo ; 

j \K(l,y)\y- 1^dy =  A p<^, 

then 
\\Tf\\Lp <  Ap\\f\\LP, for  every  f  e  L p ( 0 , ^ ) . 

In particular,  the  Hilbert integral  defined  by 

Tf(x) =  [°°  ^ d y , x  >  0 , 
Jo x  +  y 

is a  bounded operator  of  type (p,p)  for each  1 < p < oo . 

Proof Sinc e 

r / ( x ) = /  K(l,y)f(xy)dy, 
Jo 

using Minkowski' s inequalit y fo r integrals, we get 

\\Tf\\LP < ( | |  tf (l,y) | y-1/pdy^j \\f\\ L„ =  A p\\f\\Lr. 

The Hilber t integra l is of type (p,p)  since, for 1 < p < oo, using contour integration , 
we hav e 

s\ -i/v n 

-dy 
+ y  sin(7r/p) ' 

Theorem B.IO . Let  (X,JJ,) and  (Y,v) be  two measure spaces  and let K(x1y) be  a 
measurable function on  X x  Y such  that 

/ \K(x,y)\  dfi  < C, for  a.e.  y, 
Jx 

and 

/ \K(x,y)\  dv  < C, for  a.e.  x , 

where C > 0 is a constant. Then,  for  1  < p < oo, the operator T defined  by 

Tf(x) =  J K{x,y)f{y)dv 

is a  bounded linear  operator  from L p(Y,dv) into  L p(X,d/jJ) with 

II Tf \\ LP{X) <C\\f  \\ LP{Y) • 

For a proof of Theorem B.IO , we refer th e reader to Theorem 6.1 8 in Folland [Fol 
3]. 
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Theorem B . l l . Let  (X,// ) and  (Y,v)  be  two measure  spaces  and  1  < q  < oo . Let 
K(x,y) be  a measurable  function on  X  x  Y  such  that 

v{yeY\K{x,y)>s}<(-) ,  for  a.e.  x  e  X, 

and 
f C\ q 

fi{xeX\ K{x,y)  >s}<  f  - J  ,  for  a.e.  y  G  Y, 

where C >  0  is  a  constant.  Then  the  operator  T defined  by 

Tf(x)= J  K{x,y)f{y)dv 

is a  bounded  linear operator  from L P(Y) into  L r(X) provided 

1 <  p  <  r <  oo and  — | =  1 . 

p q  r 
T is  bounded  from L l(Y) to  L q~e(X) for  any  e  > 0 . 

The proo f o f this theore m i s based o n the Marcinkiewic z Interpolatio n Theore m 
B.7. W e refer th e reade r t o Theorem 15. 3 in Folland-Stein [FoS t 1 ] or Theorem 6.3 5 
inFolland [Fo l 3]. 

C. Hardy-Littlewoo d Lemm a an d it s Variation s 

We firs t prov e th e Hardy-Littlewoo d lemm a fo r bounde d Lipschit z domains . 

Theorem C. l (Hardy-Littlewoo d Lemma) . Let  Q  be  a bounded  Lipschitz  do-
main in  R N and  let  S(x) denote  the  distance  function  from  x  to  the  boundary  of  ft. 
If u  is  a  C1 function  in  ft  and  there  exists  an  0  < a  <  1  and  C  >  0  such  that 

(3.1) !  Vu(x)  \  < C  <5(>r 1+a for  every  x e O , 

then u  G  C a(fl), i.e.,  there  exists  some  constant  C\  such  that 

| u(x)  -  u(y)  |  <  d  |  x -  y  \ a forx.yeVt. 

Proof. Since u  i s C 1 i n the interio r o f H , we only nee d t o prov e th e assertio n whe n 
x an d y  ar e nea r th e boundary . Usin g a  partition o f unity , w e can assum e tha t u  i s 
supported i n U  fl Q, where U  is a  neighborhood o f a  boundary poin t xo  G  bQ. After 
a linea r chang e o f coordinates , w e may assum e XQ  —  0  and fo r som e e  >  0 , 

(/(11] =  { x =  (a/, XN) I  %N  >  0(^0? I  x ' l < e -> I  X N \<  £}, 

where 0(0 ) =  0  and <fi  i s som e Lipschit z functio n wit h Lipschit z constan t M.  Th e 
distance functio n 5(x)  i s comparabl e t o XN  —  ( t){x')i i- e-> ther e exist s a  constan t 
C >  0 such tha t 

(3.2) -^S(x)  <x N -  (j)(x f) < C6(x)  fo r x  G  Q. 
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We se t x'  =  Ox'  + ( 1 -  9)y'  an d x N =  8x N +  ( 1 -  0)y N. Le t d  -  \x  -  y\.  I f 
x =  (X',XN),  y  =  (2/,2/jv ) G  ft, then the line segment L  defined b y 6{x',XN +  Md) + 
(1 - 0){y',y N +  Md)  =  (x',x N +  Md), 0  <  9  < 1 , lies in ft  sinc e 

0(xiv +  Md ) +  ( 1 - 0)(y/ v +  Md) 

>Md +  64>(x') +  {l-0)4>(y') 

>Md +  e{cj>{x') -  4>{x'))  +  ( 1 - 9){<f>{y')  -  <t>{x'))  +  <p{x') 

> <t>(x'). 

Since u  i s C 1 i n fi,  usin g th e mea n valu e theorem , ther e exist s som e (X',XN  + 
Md) G  L suc h tha t 

I u(x, x N +  Md)  -  u(y',  y N +  Md)  |  <  |  Vw(x', xN +  Md ) |  d. 

From (3.1 ) an d (3.2) , i t follow s tha t 

| u(x',xN +  Md ) -  u(2/,2/ N +  Md ) |  <  C5(x',x N +  M d ) ~ 1 + a •  d 

< C(( M +  l )d )~ 1 + a •  d  < C M d a . 

Also we hav e 

| u(x) -  u(x',x N +  Md) | 
rMddu(x',xN +  t) I dt 

dt 
Md r Md rivia p  ivi a 

<C S(x\  x N +  t)- 1+adt <C  (x N +  t- (t){x f))~1+adt 
Jo Jo 

rMd 

<C t~ l+cxdt <  C(Md) a. 
Jo 

Thus fo r an y x,  y G f ] , 

| u(x)  -  u(y)  |  < |  (u(x)  -  u(x\  x N +  Md)  |  + |  u(y', u N +  Md)  -  u(y)  \ 

+ |  u(x\ x N +  Md)  -  u(y\  y N +  Md)  \ 

< C Mda. 

This prove s th e theorem . 

The followin g i s a  variation o f the Hardy-Littlewoo d lemm a fo r Sobole v spaces . 

Theorem C.2 . Let  ft  be  a  bounded  Lipschitz  domain  in  R N and  let  5(x)  be  the 
distance function  from  x  in  Q  to  the  boundary  bCt.  Ifue L 2(Q) D  W^oc(Cl) and there 
exists an  0  <  a  <  1  such that 

(3.3) /  5(x) 2~2a |  Vu | 2 dV <  oo, 
Jn 
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then u  G  Wa(Ct). Furthermore,  there  exists  a  constant  C,  depending  only  on  £1, 
such that 

|2 U lla(fi ) <c( f  6{x) 2~2a |  Vu | 2 dV  +  /  |u| 2dV 

Proof. For 0  <  a  <  1 , W a(ft) =  [ ^ ( f i ) , L 2(ft)]i_a. Th e interpolatio n nor m o f a 
function i z in W a(Q) (se e Lions-Magene s [LiM a 1] ) i s comparabl e t o th e inflmu m 
over al l function s 

/ r ^ o o J - ^ L ^ f t J +  W 1 ^ ) w i t h / ( 0 ) = i z 

of the nor m If  wher e If  i s defined t o b e 

(
/•oo \  I  /  roc 

jo \\t
l-af{t)\\w^)t-ldt} +  (j f ll< 1-a/'(*)lli*(n)*"1<ft 

From (3.3) , we have u  G  Wl(£l') fo r an y fi'  C C fi . Thu s w e only nee d t o estimat e 
wina smal l neighborhood o f the boundary . Usin g a  partition o f unity an d a  change 
of coordinate s a s i n Theore m C.l , w e ca n assum e U  0  Cl  = {XN  >  (j){x')}.  Le t 
rj G  C§°(-e,e)  suc h tha t 0 < 7 ? < 1 , 7 ? E E 1 whe n |  t | < e/2.  W e defin e 

f(t)=u(x\xN +  t)ri(t). 

Then /(0 ) =  u{x)  an d f(t)  G  Wl(Q) fo r t  >  0 . T o comput e th e nor m define d b y 
(3.4), w e hav e 

(3.5) 
\If\2< C  (  f  /  \u{x',x N+t) \ 2dxtl~2(* 

Wo Jnnu 
dt 

+ [  [  t x-2a |  Vu{x\ x N +  t ) | 2 dxdt]  . 

Since 1  — 2 a >  —  1, the firs t integra l o n th e right-han d sid e o f (3.4 ) i s bounde d b y 
IMIL2(0)- T ° estimat e th e secon d integra l o n th e right-han d sid e o f (3.5) , w e firs t 
note tha t fo r x  G  SI H U, usin g (3.2) , there exist s C\  >  0, 

6(x', x N +  t)  >  Ci(x N +  t  -  (j){x')) 

>dt. 

Thus, afte r changin g variable s an d th e orde r o f integration , w e hav e 

tl-2oi\Vu(x',xN +  t)\ 2dxdt 

r rC5(x) 
< /  /  t l~2a\Vu{x)\2dtdx 

Jnnu Jo 

I'l 
Jo Jn 

JVL( 

< 00 . 

This implie s tha t If  <  oc an d u  G  W a(fl). Theore m C. 2 i s proved . 

S(xy-2a\Vu(x)\2dx 

< 00 . 
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Theorem C.3 . Let  ft  be  a bounded  domain in  W N with  C°°  boundary  and  let  s  be 
a positive integer.  If  u  G  VFQ (0), then  we  have 

$s+WDau e  £,2( fi)? f Qr eyery  a  mth  | a | <  s ^ 

where 5 is the distance  function to  the boundary,  a  is  a  multiindex and  Da is  defined 
as in  Appendix  A. 

Proof. I f /  G  Co°(0, oo), using Taylor' s theorem , w e have 

/(*) ^-yj*^)(t){x-ty-ldt. 
( s - i ) U 

Applying Hardy' s inequalit y (Theore m B. 8 i n the Appendix) , w e see tha t 

< 
L2 (s hrJolf{s)mt 

L2 

< 
(s-iy. 

\\f(S)(t)\\Lz. 

Using localizatio n an d a  partitio n o f unity , w e ca n assum e tha t u  i s supporte d i n 
a compac t se t i n th e uppe r hal f spac e {x  —  (X',XN)  \  x^  >  0} . Applyin g th e 
argument t o th e Taylo r expansio n i n th e x^  variable , w e have fo r an y u  G  Co°(fi), 

I I * " •s + \a\ nc* Dau\\LHn)<C\\u\\Wsm. 

The theore m follow s b y approximatin g u  G  WQ (ft) b y function s i n Co°(ft). 

Theorem C.4 . Let  ft  be  a bounded  domain  in  M. N with  C°°  boundary.  Let  s  be 
any positive  number  such  that  s  ^  n  —  1/2 for  any  n  G  N. If  u  G  L2(0, loc) and 

(3.6) f S2s\u\ 
Jn 

dV <  oc . 

where S  is  the  distance  function  to  the  boundary,  then  u  G  W~ s(ft). 
When s  =  n  —  1/ 2 for  some  positive  integer  n,  if  we  assume  in  addition  that  u 

is harmonic,  the  same  statement  also  holds. 

Proof. We firs t assum e tha t s  i s a  positiv e integer . Fo r an y v  G  WQ(Q),  w e hav e 
from Theore m C.3 , 

|(u,t;)|<||«J8
U | | | |<r8t;|| 

<Cs\\5<u\\\\v\\w.. 

Thus, u  G  W~s(ft) fro m definition . 
For othe r s  whe n s  ^  n  —  1/2 , w e us e interpolatio n betwee n W~ s(ft). Fo r s 2 > 

$1 > 0 ? si, $2 integers , i f ( 1 — 0)s\  +  0s2  ^ n  —  1/2, the n 

(3.7) [w-si(ci),w~S2{n)}0 =  w {l- »(fi). 
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When ( 1 — 0)s\ +  0s2  — n—  1/2 , (3.7 ) n o longer hold s (se e Lions-Magenes [LiM a 
1]) an d w e restrict ourselve s t o harmoni c functions . 

We firs t prov e fo r s  =  1/2 . Usin g a  partitio n o f unity , w e ma y assum e tha t Q  is 
star-shaped an d O G D . Defin e 

v(x) 
Jo s 

Then v  i s harmonic an d 

N P i 

(sx)ds. 

(x, Vv(x))  =  2_]  /  x i~^—(sx)ds —  /  —u(sx)d, 
~^ Jo  u%i  Jo  0 s 

s =  u(x)  —  u(0). 

Without los s o f generality , w e may assum e tha t u(0 ) =  0 . W e hav e expresse d u  a s 
a linea r combinatio n o f th e derivative s o f some harmoni c functio n v  and , fro m ou r 
assumption, 

(3.8 / 5{x)\(x,  Vv)\ 2dV =  [  5{x)\u\ 2dV 
Jn Jn 

< oo , 

where C  i s some positive constant . W e claim tha t 

(3.9) /  5{x)\Vv\ 2dV <c(  f  6(x)\(x,  Vv)\ 2dV +  /  5{z)\v{x)\ 2dv) . 
Jn \Jn  Jn  J 

To prov e (3.9) , w e appl y th e Rellic h identit y t o th e harmoni c functio n v  o n th e 
boundary frf^,  wher e Q v =  {x  G  Q \  S(x) >  rj}  for smal l r]  >  0 . W e hav e 

(3.10) 
/ ( 

du dv 
\Vv\2(x, n)  -  2(x,  Vv}—  -  (T V - 2)v—  )dS  =  0, 

dn dn 

where n is the outward normal on 60^ and dS  i s the surface element o n bQv. Identit y 
(3.10) follow s fro m th e equalit y 

N d_ 

dx. 
dv 

' dx. E^rd^i 2 ^- 2 ^^^)-^- 2 )^ 
dv 
dxi 

-2Av(x, Vv) -  (T V - 2)v/\v  =  0 

and Stokes ' theorem . I f n  i s sufficientl y small , w e hav e (x,n ) >  Co  >  0  fo r som e 
Co >  0  uniformly o n bQ v, i t follow s fro m (3.10 ) tha t 

(3.11) 

Co /  \Vv\ 2dS <  f 
J bdr, J  bVLr, ^ • v « ^ + <A,-2»"£ dS 

<ef \^\dS  +  c J[ \v\ 2dS +  \(x,Vv)\ 2dS) 
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where e  > 0 . I f e  is sufficiently small , th e firs t ter m o n the right-han d sid e o f (3.11 ) 
can b e absorbe d b y th e left-han d sid e an d w e obtai n 

(3.12) /  |Vt/ | 2< CI  f  \v\ 2dS+\(x,Vv)\2dS). 
Jbnv \Jbnr , J 

Multiplying (3.12 ) b y 7 7 and integratin g ove r 77 , (3.9 ) i s proved . Usin g (3.8 ) an d 
(3.9), w e get 

(3.13) f  6{x)\Vv\ 2dV <C  [  8{x)\u\ 2dV <  00. 
Jn JQ 

It follow s fro m Theore m C. 2 tha t v  G  W^(fl). Sinc e fo r an y firs t orde r derivativ e 
D wit h constan t coefficients , w e have 

(3.14) D  :  HW*(Sl) - > ffW^fi), 

where HW s(n) =  W s(tt) n  {u  G  C°°(fi ) |  Au  =  0} . Thi s implie s tha t u  e 
W~l/2(Q). Th e case s fo r othe r integer s ca n b e prove d similarl y an d thi s complete s 
the proo f o f Theore m C.4 . 

We remark tha t (3.14 ) doe s no t hol d withou t restrictin g t o th e subspac e o f har -
monic function s (se e [LiM a 1]) . Th e techniqu e use d i n th e proo f o f Theore m C. 2 
involves real interpolation, whil e the proof o f (3.14 ) use s complex interpolation. W e 
refer th e reader t o Jerison-Kenig [JeK e 1 ] and Keni g [Ke n 3] for mor e discussion o n 
these matters . 

D. Friedrichs ' Lemm a 

Let x  £  CQ°(R N) b e a  functio n wit h suppor t i n th e uni t bal l suc h tha t x  ^  0 
and 

(4.1) / XdV -  1 . 

We defin e Xe( x) —  £  N x(x/£) f° r ^  > 0 . Extendin g /  t o b e 0  outside D , w e defin e 
for e  >  0 andx G  R/v, 

fe(x) =  f  *  Xe(x) =  J  f{x') Xe(x -  X
f)dV{x') 

= J  f{x-ex') X{x')dV{x'). 

In th e first  integra l definin g f £ w e can differentiat e unde r th e integra l sig n t o sho w 
that f £ i s C°°(R N). Fro m Young' s inequalit y fo r convolution , w e hav e 

(4-2) || U II < II / II • 
Since Xe  i s a n approximatio n o f th e identity , w e hav e f £ -*  f  uniforml y i f /  G 
C$°(RN). Sinc e Cg°(R N) i s a  dens e subse t o f L 2(RN) , thi s implie s tha t 

/ e - > / i n L ^ R ^ ) fo r ever y f  e  L 2(RN). 

A ver y usefu l fac t concernin g approximatin g solution s o f a  first  orde r differentia l 
operator b y regularizatio n usin g convolutio n i s give n b y th e followin g lemm a (se e 
Friedrichs [Fr i 1 ] or Hormande r [Ho r 2]) : 
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Lemma D . l (Friedrichs ' Lemma) . If  v £ L 2(RN) with  compact  support  and  a 
is a  C1 function  in  a neighborhood of  the support of  v, it  follows that 

(4.3) aDi(v  *  Xe ) - (aDiv)  *  Xe -> 0 in  L2(RN) as  e -• 0, 

where Di — d/dxi and  aDiv is  defined  in  the sense of  distribution. 

Corollary D.2 . Let 
N 

be a first order  differential  operator  with  variable  coefficients  where  a $ G C 1(R iV) 
and a0 G  C(RN). If  v G  L2(RN) with  compact  support  and  Lv = f G  L2(RN) where 
Lv is  defined  in  the  distribution  sense,  the  convolution  v e =  v * Xe is  in  CQ°(R N) 
and 

(4.4) v e^v, Lv e^f inL 2(RN) as  e -• 0. 

Proof of  Friedrichs'  lemma.  Firs t not e tha t i f v  G  C§C(RN), w e hav e fro m th e 
discussion above , 

i u i Di(v *  xe) = (Div)  * Xe -* DiV, (aDiv)  *  Xe -> aDiv 

with unifor m convergence . W e claim tha t 

(4.5) | | aDiiy *  Xe) - (aD iV) *  Xe \\  < C \\  v  || , ve  L 2(RN) , 

where C  is some positive constan t independen t o f e and v. Sinc e CQ°(R N) i s dense 
in L 2(R iV), (4.3 ) will be proved i f one can prove (4.5) . T o see this, we approximate 
v b y a sequence Vj  G  C Q ^ R ^) i n L2(RN) an d observe tha t i f (4.5 ) holds , we have 

|| aDi(v*Xe) ~  (aDiv)  *  Xe \\ 

< C{\\  v - v 3 | | + | | aDiivj *  Xe) ~ (aD lVj) *  Xe ||). 

Thus, i t remain s t o prov e (4.5) . Withou t los s o f generality, w e may assume tha t 
a G  CQ(RN) sinc e v  has compact support . W e have for v G  C Q ^ R ^ ) , 

aDi(v*Xe) ~  (aDiv)  *  Xe 

= a(x) A /  v(x  -  y)Xe{y)dy  -  a(x  -  V)-Q^(X  -  y)Xe(y)dy 

dv 
(a(x) -  a(x  - y))  — (x  - y)Xe{y)dy =1 

= -  ( a(x) -  a (x -  y))  -Q-{X -  y)xe{y)dy 

(a(x) -  a(x  - y))  v(x -  y)g-Xe(y)dy 

- /  (  g-a(x -y)j  v(x  -  y)Xe(y)dy. 



352 Appendi x 

Let M  b e th e Lipschit z constan t fo r a  suc h tha t \a{x)  —  a(x  —  y)\  <  M\y\  fo r al l 
x, y.  W e obtai n 

\aDi(v *  Xe) - (aDiv)  *  Xe\ <  M  /  \v(x  -  y)\  {xM  +  \yD lXe{y)\) dy. 

Using Young' s inequalit y fo r convolution , w e hav e 

II aDi(v *  xe) -  (aDiv)  *  Xe | | <  M  \\  v  \\  j  ( Xe(y) +  \yD iXe{y)\) dy 

= M(l  +  rrii) || v || , 

where 

ml= \yD %Xe{y)\dy =  /  \y(D tx)(y)\dy. 

This prove s (4.5 ) whe n v  eC^{R N). Sinc e Cg°(M N) i s dense i n L 2(RN), w e hav e 
proved (4.5 ) an d th e lemma . 

Proof of  the  Corollary.  Sinc e a$v  G  L2(RN), w e hav e 

limao(^ *  Xe) = lim(ao v *  Xe) = «o ^ i n L 2(RN). 
e—>0 e—>0 

Using Priedrichs ' lemma , w e hav e 

Lv£ -  Lv  *  Xe = Lv e -  f  *  Xe -> 0  i n L 2(E^) a s e  -> 0 . 

The corollar y follow s easil y sinc e /  *  Xe —• /  m  I/ 2(RiV). 
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Table o f Notat io n 

The followin g i s a  partia l lis t o f notation . Th e sectio n numbe r refer s t o th e sectio n 
where th e notatio n i s firs t encountere d o r defined . 

General 

C" 
D,fl 

bD 
A\B 
RPn 

CP" 
J 
CTP(M) 

T^°(M), TO- 1 

CTp*(C") 
AP'°(C"), A°<] 

dzj, dzj 
TP(M) 
T;(M) 

A 
A r(M) 
Ap'«(M) 

A<B 
P(C;r) 

E' 
Cp(r, • ) 
T^°(bD), T°-
dD(z) 
dist(z,bD) 
D C C D ' 
dV 
KD 

dz1 

dzJ 

V 

(M) 

L(C") 

\bD) 

n-dimensional comple x Euclidea n spac e — 1. 1 
domain i n C n o r a  comple x manifol d (ope n connecte d subset ) 
— 1.1 , 5. 1 
boundary o f D  —  1. 1 
elements i n se t A  bu t no t i n se t B  —  1. 2 
real projectiv e spac e —  1. 2 
complex projectiv e spac e — 1. 2 
complex structur e —  1. 3 
= T P(M) ® M C: complexifie d tangen t spac e a t p  o n a 
complex manifol d —  1.3 ; o n a  CR  manifol d - — 7.1 
tangent vector s o f type (1,0 ) an d (0,1 ) a t p  o n a  comple x 
manifold —  1.3 ; o n a  CR  manifol d —  7. 1 
dual spac e o f CT p(C

n) —  1. 3 
Space o f (1,0) - and (0,l)-form s a t p  — 1. 3 
(1,0)- an d (0,l)-for m —  1. 3 
tangent spac e a t p  — 1. 4 
cotangent spac e a t p  — 1. 4 
wedge produc t —  1.4 , 1. 5 
vector bundl e o f degree r  o n M  —  1. 4 
vector bundl e o f bidegree (p , q) on a  comple x manifol d — 
1.4; o n a  CR  manifol d —  7. 2 
A <  CB  fo r som e constan t C  >  0 — 2. 1 
a pol y disc with cente r £  = (d , •  •  • , (n) an d multiradi i 
r =  ( r ! , . - . , r n ) i n C n —2. 1 
sum ove r increasin g multiindice s —  2. 1 
Levi for m o f the functio n r  a t p  — 3. 3 
tangent vecto r t o bD  a t p  o f type (1,0 ) an d (0,1 ) —  3. 3 
Euclidean distanc e fro m z  G  D t o bD  — 3. 4 
Euclidean distanc e fro m z  E  Cn \bD  t o bD  — 3. 4 
D i s relatively compac t i n D'\  i.e. , D  C  D'  —  3. 4 
volume elemen t i n C n —  3. 4 
holomorphically conve x hul l o f K  i n D  —  3. 5 
= dz h A  • • •  A  dz lp fo r J  =  (zi , • • •, ip) —  4. 2 
= dz 3l A  • • •  A  dz jq fo r J  =  (j ir •  • , jq) —  4. 2 
interior produc t —  4. 2 

367 
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dS surfac e elemen t o n th e boundar y bD  —  4. 2 
e^ sig n o f permutat io n —  4. 3 
UJ1 =uj tl A- - - A a A fo r I  =  ( i i , - - - , z p ) — 4 . 3 
uJJ =  uJ Jl A •  • • A u;J'« fo r J  =  (j lr •  • Jq) —  4. 3 
/ r comple x tangentia l par t o f /  —  4. 3 
fu comple x norma l par t o f /  —  4. 3 

/ partia l (o r tangential ) Fourie r transfor m o f /  —  5. 2 
0 ( | T 4 | ) term s bounde d b y C\A\  fo r som e constan t C  >  0  —  5. 2 
supp /  suppor t o f /  —  5. 2 
/ ' comple x Jacobia n o f /  —  6. 3 
T*^°(M), T*°'\M)  dua l bundle s o f T^°(M)  an d T°^(M)  —  7. 2 
ftn Siege l uppe r hal f spac e —  7. 3 
6jk Kronecke r delt a —  7. 3 
H n Heisenber g grou p o f orde r n  —  1  — 7.3 , 10. 1 

/ Fourie r transfor m o f /  —  7. 4 
Aut(Qn) automorphis m grou p o n O n —  10. 1 
Hn)/C generalize d Heisenber g grou p —  10. 1 

[dzj] =  dzi  A  • • •  A  dzj A  • •  •  A  d~zn —  11. 1 
< A,  B  >  pairin g betwee n vector s A , B  i n C n —  11. 1 
< A,d(  >  pairin g betwee n vecto r A  an d 1-for m d(  —  11. 1 

Spaces o f Funct ion s (o r Forms ) an d N o r m s 

(9(D) holomorphi c function s o n D  —  1. 1 
Ck(D) k  G  N o r k  =  oo : k  time s continuousl y differentiabl e function s 

on D  —  1. 1 
Ck(D) k  e  N  or  k  =  oo:  k  time s continuousl y differentiabl e function s 

on ~D , i.e., restrictio n o f C k(Cn) t o ~D  — 2. 1 
CQ°(D) C°°  function s wit h compac t suupro t i n D  —  2. 1 
C(D) continuou s function s o n D  —  2. 1 
CX(D), C k+X(D) 0  <  A  < 1 , fc G N: Holde r continuou s function s o f orde r A  an d 

H A o n D - 2 . 1 
A.l(D) Lipschit z continuou s function s o n D —  2. 1 
L2(D) squar e integrabl e function s o n D  —  4. 2 
|| | | L 2 n o r m i n L 2 ( D ) — 4 . 2 
Cj? q ){D) (p , <?)-forms o n D  wit h coefficient s i n C k(D) —  4. 2 

C,fe JD)  (p , <?)-forms o n D  wit h coefficient s i n C k(D) —  4. 2 

L? JD)  (p,q)-forms  o n D  wit h coefficient s i n L 2(D) —  4. 2 

L2(L>, </> ) weighte d L 2 spac e wit h weighte d e~^  —  4. 2 
|| | | 0 weighte d L 2 nor m i n L 2 ( D , 0 ) —  4. 2 
( ,  )< £ weighte d L 2 inne r produc t i n L 2(D, (p)  —  4. 2 
L2(DJoc) locall y squar e interabl e functions ; function s whic h ar e squar e 

integrable o n an y compac t subse t o f D  —  4. 2 
L2^ ^(D,  (p)  (p , g)-forms o n D  wit h coefficient s i n L 2(D, 6)  —  4. 2 
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L2 JD,  loc)  (p , g)-forms o n D wit h coefficient s i n L2(D, loc)  —  4.2 

|| || s Sobole v nor m o f order s  — 4.5 
WS(D) Sobole v s-spac e —  4.5 
Ws(D,loc) function s i n WS{D') fo r any relativel y compac t subse t D'  of 

D —  4. 5 
Wf )(D)  (p , g)-forms o n D wit h coefficient s i n VFS(D) —  5.1 

Wf AD,  loc) (p , g)-forms o n D wit h coefficient s i n WS(D, loc)  —  5.1 

W£{D) closur e o f C§°(D) i n WS(D) —  5.1 
HI | | | s tangentia l Sobole v nor m o f order s  — 5.2 
7Y(p5<?)(n) harmoni c (p,g)-form s o n a hermitian manifol d Q  — 5.3 
H(D) squar e integrabl e holomorphi c function s on  D — 6.1 
HS(D) =  W S(D) H  O(D) — 6. 3 
EVA[M) smoot h (p , g)-forms o n a CR manifold —  7.2 
<S Schwart z spac e i n Rn —  8.1 
F(p,q) (M ) (p , g)-forms o n a CR manifol d M  wit h coefficient s i n T 

where T  i s any o f the functio n space s L 2(M), W S(M) an d 
Ck(M)— 8. 3 

W? q){M)  harmoni c (p , g)-forms o n a Ci2 manifol d M  — 8.4 

| | | © m / | | | s weighte d tangentia l Sobole v nor m o f order s  — 9.3 
H2{£ln) Hard y spac e o n Vtn — 10.2 
O(K) holomorphi c function s o n neighborhoods o f the compac t set 

i f— 11. 1 
Lp((jj§) 1  < p < oo: p-t h powe r integrabl e function s o n us — 11. 5 

II ||LP(O„ ) L V nor m i n D>{vs) —  11. 5 
^(P,q)(^s) (p , g)-forms o n LUS wit h coefficient s i n T wher e T  i s any of 

the functio n space s L V{UJS)-, L P(UJS,IOC), W S(OJS), W S(LUS,IOC), 

Ck(uj5) an d C k{uj_s) — 11.5 , 11. 6 
nb(cu6) =  L 2(LU6) n  Ker(d b) —  11.6 
H{M) =  L2(M) f l Ker(db) o n a CR manifol d M  —  12.2 
Vk homogeneou s polynomial s o f degree k  in W1 — 12. 3 
HVk soli d spherica l harmonic s (homogeneou s harmoni c 

polynomials o f degree k)  — 12. 3 
SVk =  HVk\s n~i: surfac e spherica l harmonic s —  12. 3 
HV%,q element s i n HVk generate d b y za z ^ wit h | a | = p , \(3\  = q  an d 

p + g  = k  — 12.4 
SV™ =nV p

k'
q\ss —  12. 4 

Operators an d R e l a t e d Def in i t ion s 

d exterio r derivativ e —  1.5 
A Laplacia n —  4.2 
d Cauchy-Rieman n operato r i n Cn or on a complex manifol d 

— 1.1 , 1.5 , 4.2 
Dom(T) domai n o f the operato r T  — 4.1 
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Ker(T), 7Z(T)  kerne l an d rang e o f the operato r T  — 4. 1 
1Z(T) closur e o f K(T) — 4. 1 
d forma l adjoin t o f d — 4.2 
$0 forma l adjoin t o f d under th e L 2(D, 0) nor m —  4. 2 
9* L 2 adjoin t o f d — 4.2 
d^ L 2 adjoin t o f d with th e weighte d nor m | | ||^ — 4. 2 
a (ft, dp) symbo l of # in the directio n of dp — 4.2 
• =  3d +  d  d:  <9-Laplacian (<9-Neuman n problem ) —  4.2 
!>(„,,) =Cl pq)(D)nDom(d*)-4.3 
VM =  C%<q)(D) n Dom(d*) -  4. 3 

K«) =Cfc q)(D)nDom(d;)-4.3 

dfu = e<t>£-(e-<t'u) —  4.3; =e%-(e-*u) —  5. 3 

^V(p,g) =  N: d-Neumann operato r o n D in Cn — 4.4 ; on a 
hermitian manifol d f 2 — 5. 3 

H(pfi)(D) =  L2p0)(D) n  Ifer(0) -  4. 4 
#(p,o) orthogona l projectio n fro m L ? 0 N (£)) ont o H^p^ (D) —  4.4 
P Bergma n projectio n —  4.4 
A^, N t weighte d ^-Neuman n operato r —  4.5 , 6.1 
Af a  special tangentia l pseudodifferentia l operato r o f order 5  — 

5.2 
r projectio n fro m A M (C n ) t o A ^ ( M) —  7. 2 
#6 tangentia l Cauchy-Rieman n operato r o n a CR manifold — 

7.2 
7rP j ( ? projectio n fro m A P+(?CT*(M) ont o A M ( M ) —  7. 2 
As a  special pseudodifferentia l operato r o f order 5  — 8. 1 
d*b L

2 adjoin t o f db — 8.3 
•5 =  dtdb +  d bdt'. cVLaplacia n —  8. 3 
Nb invers e operato r fo r D6 o n a compac t CR  manifold (or 

sometimes calle d th e db- Green operator ) —  8. 4 
Hb

{pq) orthogona l projectio n fro m L 2
{p^q)(M) ont o Ti b^q){M) —  8. 4 

5, St  Szeg o projection —  8.4 ; o n^ — 11.6 
* Hodg e sta r operato r —  9. 1 

Co sub-Laplacia n o n a stratified Li e group —  10. 1 
Ca =£ 0 +  iaT — 10.1 
dCz =d c +  dz —  11.1 
cr($b, dr) symbo l o f $5 in the directio n of dr —  11. 6 
Mb ^-Neuman n operato r —  11. 6 

Kernel Function s an d Integra l Operator s 

l/(2iriz) Cauch y kerne l (fundamenta l solutio n fo r d  in C) —  2.1 , 11.1 
B(£, z)  Bochner-Martinell i kerne l —  2. 2 
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Bergman kerne l functio n on  D  —  6. 3 
weighted Bergma n kerne l functio n —  6. 5 
fundamental solutio n fo r D b o n th e Heisenber g grou p —  10. 1 
Cauchy-Szego kerne l —  10. 2 
relative fundamenta l solutio n fo r • £ o n th e Heisenber g grou p 
— 10. 3 
radially symmetri c fundamenta l solutio n fo r A  i n C n —  11. 1 
(Cauchy-Fantappie) kerne l constructe d fro m th e ma p G  — 
11.1 
=n 1 " ' m o r ^J '* m : kerne l constructe d fro m map s G 1, •  •  • , G m 

— 11. 1 
Bochner-Martinelli-Koppelman kerne l o n form s —  11. 1 
integral solutio n operato r fo r d  o n a  conve x domai n D  — 
11.2 
integral solutio n operato r fo r db  on a  strictly conve x 
boundary —  11. 3 
integral solutio n operato r fo r db  on a  CR  manifol d wit h 
boundary —  11.4 , 11. 5 
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Index 

A 

Adjoint operator , 5 9 
Almost comple x structure , 11 6 

integrable, 11 6 
Analytic 

disc method , 5 7 
hypoellipticity, 16 3 
pseudolocality, 25 9 

Analyticity hypothesis , 258-25 9 
Automorphism, 13 7 

group, 1 4 

B 

• ,  64, 66, 78, 80-81, 87 , 111-113 , 122, 
203 

• b , 190 , 196-202 , 229-232 , 237 , 256 -
257, 30 9 

Base space , 7 
Basic estimate , 8 8 
Bergman 

kernel function , 14 0 
on th e uni t ball , 142-14 3 
transformation la w o f the , 14 4 
weighted, 15 6 

projection, 82-83 , 143 , 210 
weighted, 12 5 

space, 8 2 
weighted, 15 6 

Beta function , 14 2 
Bezout's theorem , 30 5 
Biholomorphism, 5 
Bochner-Martinelli 

formula, 26 6 
kernel, 22-23 , 266 , 28 3 
transform, 24 , 40 

Bochner-Martinelli-Koppelman 

formula, 3 3 
jump formula , 27 8 
kernel, 233 , 266 
transform, 278 , 282 

Boundary operato r N^,  20 1 
Boundary valu e problem , 67 , 87 

Dirichlet, 6 7 
elliptic, 67 , 10 2 

Bounded linea r 
functional, 22 8 
operator, 343 , 345 

Boutet d e Monvel's global embeddabil -
ity theorem , 31 7 

Bundle 
complexified cotangent , 8 , 16 7 
complexified tangent , 105 , 116, 165 
cotangent, 8 
exterior algebra , 8 
line, 7 
tangent, 7 , 16 5 
vector, 6 

holomorphic, 11 6 

C°° topology , 317 , 319, 33 5 
Canonical solution , 80 , 114 , 231 , 309 
Cartesian product , 1 3 
Cauchy 

data, 7 3 
estimate, 21 , 53, 140 , 15 0 
integral formula , 15 , 21 

for pol y disc, 2 1 
kernel, 22 , 262-263, 266, 28 3 
problem, 12 , 207 

C°°, 20 7 
d, see  d-Cauchy proble m 
L2, 207 , 232 
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transform, 1 7 
Cauchy-Kowalevski theorem, 172 , 257 
Cauchy-Riemann 

complex, see  d comple x 
equation, see  d equatio n 

inhomogeneous, see  inhomoge-
neous d  equatio n 

manifold, see  CR manifol d 
operator, see  d operato r 
structure, see  CR structur e 

Cauchy-Szego kernel , 25 0 
on th e uni t ball , 25 0 
associated wit h th e Siege l uppe r 

half space , 25 4 
Cayley transform , 171 , 250 
Characteristic point , 291 , 302-304, 309 
Circular domain , 13 7 
Closed 

graph theorem , 5 9 
operator, 5 9 
range property , 23 3 

Commutator, 10 , 94, 17 8 
Compact operator , 89 , 92 , 113 , 200 -

201 
Compactness estimate , 16 3 
Compatibility condition , 2 , 10, 12, 36, 

169, 226 , 228 , 283, 290, 29 3 
Complex, 1 0 

Hessian, 10 5 
structure, 5 , 317 

almost, 11 6 
Condition 

R, 144 , 148 , 16 0 
(T), 12 9 
Y(l) , 193 , 319 
Y(q), 19 3 
Z(q), 192-19 3 

Convex domain , 136 , 272 
strictly, 46 , 272 

Coordinate neighborhood , 3 
CR 

diffeomorphism, 16 6 
embedding, 31 5 
function, 35 , 166 , 315 , 323, 327 
immersion, 32 5 
manifold, 166 , 315-317,  32 3 

nondegenerate, 33 0 

orientable, 168 , 190 
pseudoconvex, 16 9 

mapping, 16 6 
structure, 166 , 169, 315, 323, 329-

330 
(strongly) pseudoconvex , 32 9 
/c-strongly pseudoconvex , 24 6 

Current, 31 1 

D 

-Cauchy problem , 207 , 232 
-closed extension , 21 1 
-closed form, 84-85 , 222, 270, 280 
complex, 1 0 
equation, 1 , 10, 15, 19-20, 27, 116 

inhomogeneous, 1 , 36 
operator, 1 , 25 , 62, 116 , 263 

db 

-closed form , 222 , 280 , 298 
complex, 167-169 , 19 0 
equation, 35 , 202 

homogeneous, 3 5 
inhomogeneous, 16 9 

Laplacian, see  B b 

operator, 167-169 , 190 , 327 
De Rham cohomology , 16 2 
Defining function , 2 

global, 2 
local, 2 
plurisubharmonic, 13 4 

strictly, 45 , 297 
strictly convex , 27 2 

Density lemma , 70 , 163 , 227-228, 305 
Derivation, 16 8 
Derivative 

exterior, 9 , 116 , 16 8 
normal, 67 , 93 

complex, 6 7 
tangential, 93 , 95 

Dirac (delta ) function , 238 , 262 
Dirichlet problem , 9 2 

for D 6, 31 3 
Distribution function , 34 3 
9-Neumann 

boundary condition , 6 5 
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operator, 78 , 80 
weighted, 83 , 122 , 12 5 

problem, 61 , 67, 87 
weighted, 12 1 

^-Neumann 
boundary condition , 30 9 
operator, 309-31 0 
problem, 309-31 0 

Dolbeault-Grothendieck lemma , 3 3 
Domain 

circular, see  circular domai n 
Hartogs, see  Hartogs domai n 
Kohn-Nirenberg, see  Kohn -

Nirenberg domai n 
Lipschitz, see  Lipschitz domai n 
of finite  type , 162 , 23 3 
of holomorphy , 5 2 
pseudoconvex, see  pseudoconve x 

domain 
Reinhardt, see  Reinhardt domai n 
(strictly) convex, see  (strictly) con -

vex domai n 
worm, see  worm domai n 

E 

Ellipsoid 
complex, 31 2 
real, 31 2 

Elliptic 
reguiarization method , 102 , 124 , 

130, 19 8 
system, 83 , 225 

Euclidean spac e 
complex, 1 , 315 

Exhaustion function , 4 6 
strictly plurisubharmonic , 48-5 0 

Extension 
operator, 34 0 
theorem, 34 0 

Fatou's lemma , 30 8 
Fibre space , 6 
Finite 

ideal type , 163 , 233 

type, 162-163 , 181 , 233 
Foliation, 10 , 12 
Form 

enclosed, see  enclosed for m 
^-closed, see  enclosed for m 
Harmonic, 20 1 
Hermitian, 42 , 105 , 19 1 
Levi, see  Levi for m 
1-, 8 
(1,0)-, 9 
(p,q)-, 8-9 , 6 1 

harmonic, 20 1 
r-, 8 , 34 1 
(0,1)-, 9 

Fourier 
coefficients, 32 3 
inversion formula , 15 7 
inversion theorem , 33 7 
transform, 173 , 220, 33 7 

partial, 156 , 22 0 
Frechet 

norm, 30 6 
space, 310 , 31 7 

Friedrichs' lemma , 35 1 
Frobenius theorem , 1 1 

complex, 1 3 
Function 

barrier, 31 3 
convex, 7 7 
CR, see  CR functio n 
distribution, see  distribution func -

tion 
harmonic, 160 , 324 
holomorphic, 1 , 4, 9 
Lipschitz, see  Lipschitz functio n 
pluriharmonic, see  pluriharmonic 

function 
plurisubharmonic, see  plurisubhar-

monic functio n 
subharmonic, 4 5 
transition, 3 
weight, 6 1 

Fundamental solutio n 
for d , 262-26 3 
for d b, 281 , 291 
for d/dz,  26 2 
for A , 26 2 
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(fo for Co,  23 8 
<pa fo r £ a , 23 9 
relative, 25 6 

Fundamental theore m o f calculus , 2 

G 

Gamma function , 142 , 241 
Garding's inequality , 83 , 88, 92, 225 
Generic point , 29 1 
Gram-Schmidt orthogonalizatio n pro -

cess, 10 5 
Graph norm , 7 0 
Green's 

identity, 32 1 
theorem, 9 0 

Grushin operator , 18 1 

H 

Hahn-Banach theorem , 76 , 228 , 306 , 
342 

Hardy-Littlewood lemma , 34 6 
Hardy space , 24 7 
Hardy's inequality , 344 , 34 8 
Hartogs 

domain, 15 1 
complete, 16 4 

extension theorem , 36 , 38 
triangle, 15 3 

Hausdorff space , 3 
Heat operator , 18 1 
Heisenberg group , 236 , 326 

generalized, 24 5 
Henkin's homotop y formula , 33 5 
Hessian 

complex, see  complex Hessia n 
real, see  real Hessia n 

Hilbert 
integral, 301 , 312, 344 

operator, 31 3 
space, 59-60 , 140 , 24 7 

separable, 14 0 
Hodge 

decomposition theorem , 31 0 
for d b, 229 , 23 1 

star operator , 20 8 

(type) decomposition , 79 , 81, 201 
Hodge-de Rha m theorem , 8 5 
Holder 

continuous, 27 8 
of orde r A , 17 
of orde r k  + A , 17 

space, 273 , 277, 287 , 289 
Holder and LP  estimates for db  on strictly 

convex boundaries , 28 7 
Holder's inequality , 249 , 289 , 30 1 
Holomorphic 

convexity, 5 5 
coordinate, 2 5 

Holomorphically convex , 5 2 
hull, 5 2 

Homogeneous 
coordinate, 4 
harmonic polynomial , 321 , 323 
polynomial, 32 0 

Homotopy formul a fo r d 
on conve x domains , 270 , 27 3 

Homotopy formul a fo r c^ , 28 0 
on CR manifold s with boundaries, 

293 
on strictly convex boundaries, 282, 

285 
Hopf lemma , 14 9 
Hormander's solution , 5 7 
Hypersurface, 3 5 

strictly convex , 29 8 
strictly (strongly ) pseudoconvex , 

298, 30 9 
Hypoelliptic, 18 1 

I 

Identity theorem , 2 2 
Implicit functio n theorem , 47 , 339 
Index set , 3 
Inner product , 32 0 

Hermitian, 6 
Integrability condition , 116 , 166 , 316 
Integral 

curve, 1 1 
operator, 293 , 296 

Interior 
product, 64 , 87 , 251 , 265 
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regularity, 310-31 1 
Interpolation, 129 , 289 , 341-34 3 

complex, 35 0 
inequality, 100 , 188 , 342 
norm, 34 7 
real, 35 0 
space, 94 , 342 
theorem, 102 , 343 

Isometry, 14 3 
Isothermal parameter , 3 3 

J 

Jacobian, 315 , 325 
complex, 143 , 149 
matrix, 7 
real, 14 3 

Jacobowitz-Treves theorem , 33 0 
Jump formula , 2 3 

K 

Kohn-Nirenberg domain , 31 3 
Kohn's 

Laplacian, see  S^-Laplacian 
solution, 57 , 11 4 

Kronecker delta , 171 , 192 

L 

LP existenc e an d estimate s fo r loca l 
solution o f db,  29 8 

L? existence theorem s 
for a , 7 5 
for <9 6, 207, 217 
for th e 9-Neuman n operator , 7 8 
for the cVNeumann operator , 30 9 

Laplacian, 45 , 66, 83 , 320 
Laurent expansion , 15 4 
Leaf, 10 , 12 , 175 
Left invariant , 24 2 

metric, 236 , 246 
vector fields,  236 , 246 

Leray 
kernel, 27 0 
map, 27 0 

Leray-Koppelman theorem , 27 1 

Levi 
flat, 16 9 
form, 42 , 45 , 16 9 

diagonalizable, 31 3 
matrix, 107 , 16 9 
polynomial, 56 , 31 8 
problem, 56 , 11 4 

Lewy operator , 173 , 237, 258 , 327 
Lewy's 

extension, 30 6 
theorem, 17 2 

Lie 
algebra, 23 8 
bracket, 13 , 162 , 16 6 
group, 23 6 

nilpotent, 23 8 
stratified, 23 8 

Liouville's theorem , 4 1 
Lipschitz, 1 7 

boundary, 33 9 
constant, 346 , 352 
domain, 33 9 
function, 33 9 
space, 20 4 

Local 
coordinate system , 3 
trivialization, 7 

Lopatinski's condition , 6 7 

M 

Malgrange an d Ehrenprei s theorem , 
173 

Manifold 
complex, 3 , 341 

almost, 11 6 
integrable, 116-11 7 

differentiable, 3 
Hermitian, 6 
pseudoconvex, 10 7 
real analytic , 3 
Riemannian, 34 1 
smooth, 3 
stein, see  Stein manifol d 
topological, 3 

Map 
biholomorphic, 5 , 13 , 140 
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C-linear, 5 
holomorphic, 5 
projection, 6 
R-linear, 5- 6 

Marcinkiewicz interpolatio n theorem , 
344 

Matrix 
Hermitian, 6 , 105 , 169 , 298 
Levi, see  Levi matri x 
transition, 7 

Maximum modulu s principle , 14 , 324 
Mean valu e property , 146 , 14 8 
Mean valu e theorem , 28 , 179 , 346 
Metric 

Hermitian, 6 , 105 , 168 , 190 , 317 
Riemannian, 3 3 

Microlocal analysis , 23 3 
Minkowski functional , 13 6 
Minkowski's inequality , 34 4 
Monomial, 32 0 
Montel's theorem , 1 4 
Morera's theorem , 3 9 
Morrey-Kohn estimate , 89 , 204 
Morrey-Kohn-Hormander's estimate , 68 
Multiindex(-dices), 9 , 2 1 
Multitype, 16 3 

N 

Neighborhood base , 298 , 309 
Nevanlinna class , 31 2 
Newlander-Nirenberg theorem , 11 7 
Nirenberg's local nonembeddability ex -

ample, 32 6 
Nirenberg's theorem , 32 9 
Noncharacteristic point , 29 1 
Noncoercive, 6 7 
Nonisotropic 

dilation, 23 8 
normed spaces , 25 9 

Normal family , 14 1 

O 

l/2-H61der estimate s fo r d  o n strictl y 
convex domains , 27 5 

One-parameter group , 20 4 

Open mappin g theorem , 31 7 
Operator 

JL,a, 2o o 

of type (p,p) , 34 4 
of type (p,q),  34 3 
of weak typ e (p , q), 34 3 

Orbit, 13 7 
Order, 17 7 
Overdetermined partia l differential equa -

tion, 1 2 

P 

(p, g)-norm, 34 3 
Parseval's identity , 33 8 
Plancherel's theorem , 33 8 
Plemelj jum p formula , 17 , 24 , 226 , 

280 
Pluriharmonic function , 15 1 
Plurisubharmonic function , 44-45 , 

(strictly) 45 , 105-106 , 11 1 
Poincare, H. , 1 3 
Poincare lemma , 3 3 
Poisson 

integral, 27 9 
kernel, 27 8 

Polydisc, 2 0 
Positive self-adjoin t operator , 34 2 
Power serie s representation , 2 2 
Principal valu e limit , 26 7 
Probabilistic method , 20 4 
Product topology , 1 
Projective spac e 

complex, 4 
real, 3 

Property (P) , 16 3 
Pseudoconvex, 44 , 49, 105 , 169 

domain, 4 5 
Levi, 4 5 
strictly (strongly) , 4 5 

Levi, 4 4 
neighborhood base , 15 3 
strictly (strongly) , 105-106 , 16 9 

Pseudodifferential operator , 17 8 
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Q 

Q-norm, 10 3 
Quotient topology , 4 

R 

Real Hessian , 27 2 
Reinhardt domain , 13 7 

complete, 13 7 
Rellich identity , 34 9 
Rellich's lemma , 34 0 
Reproducing kernel , 155 , 283 
Residue, 157-15 8 
Riemann 

mapping theorem , 2 , 13 , 148 
sphere, 4 
sum, 14 8 
surface, 4 

Riemann-Lebesgue theorem , 33 7 
Riesz 

representation theorem , 76 , 102 , 
140, 229 , 342 

transform, 27 9 
Riesz-Thorin theorem , 34 3 
Rossi's global nonembeddability exam -

ple, 32 3 
Runge approximatio n theorem , 29 6 

S 

51-action, 13 7 
Sard's theorem , 4 9 
Schwartz space , 33 7 
Schwarz 

inequality, 9 4 
generalized, 34 0 

reflection principle , 17 3 
Section, 7 
Sheaf, 11 9 
Siegel upper hal f space , 171 , 235, 326 
Signature, 169 , 330, 335 
Singular 

integral, 26 7 
integral operator , 20 3 

Smoothing operator , 18 7 
Sobolev 

embedding theorem , 34 0 
norm, 33 9 

negative, 14 6 
space, 88 , 217 , 338-34 2 

Solution operato r fo r d 
on conve x domains , 27 3 

Solution operato r fo r dh 
on CR manifold s with boundaries , 

293 
on strictly convex boundaries, 283, 

287 
Spectrum, 20 0 
Spherical harmonics , 32 0 

solid, 32 1 
surface, 32 1 

Stein manifold , 119 , 23 3 
Stokes' theorem , 15 , 22-23 , 172 , 216 , 

267-268, 271 , 280 , 286 , 293-
294, 296 , 299-300 , 329 , 35 0 

Stone-Weierstrass theorem , 32 1 
Subbundle, 13 , 116 , 166 , 168 , 190 
Subelliptic 

multiplier, 163 , 233 
1/2-estimate, 87-88 , 19 1 
operator, 16 5 

Sub-Laplacian, 23 8 
Submanifold, 1 0 

complex, 13 , 175 , 325 
Submean valu e property , 45 , 48 
Sum o f square s o f vecto r fields , 18 1 
Symbol, 178 , 309, 33 8 
Szego projection , 202 , 230 , 254-259 , 

311, 31 7 
weighted, 23 3 

T 

Tangent 
space, 5 , 7 

complexified, 5 
holomorphic, 5 

vector 
o f type( l ,0 ) ,5 
o f type(0 , l ) ,5 

Tangential 
Fourier transform , 9 3 
Sobolev 
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norms, 9 3 
weighted, 21 9 

space, 10 2 
vector field,  18 , 129 

Tangential Cauchy-Rieman n 
complex, see  db complex 
equation, see  db equatio n 

homogeneous, see  homogeneous 
db equatio n 

Taylor polynomial , 30 5 
Taylor's 

expansion, 146 , 15 0 
theorem, 34 8 

Theorem 
of Kor n an d Lichtenstein , 3 3 
of Von Neumann , 6 5 

Topological vecto r space , 34 1 
Torus, 327 , 333 
Total space , 7 
Trace theorem , 34 0 
Transverse circula r symmetry , 13 8 
Tubular neighborhood , 94 , 215, 219 

U 

Unbounded operator , 5 9 
Uniqueness theorem , 33 7 
Urysohn's lemma , 8 4 

W 

Weak type , 28 7 
Wedge product , 8 
Whitney typ e decomposition , 22 5 
Worm domains , 151-15 2 

Y 

Young's inequality , 70 , 351-35 2 
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